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Abstract

We set up a framework for macroprudential policy analysis and for macroprudential
stress testing with DSGEs, dubbed RegGae. Financial crises are built into DSGEs
as regime switches, such as occasionally binding collateral constraints, to introduce
non-linearities in otherwise linear solutions. The transition probabilities governing the switch are endogenous. This allows DSGE models to quantify the benets
from macroprudential policy as the expected costs of nancial crises averted. The
endogeneity captures the idea that the probability of nancial crises depends on
the state of the economy whereas its timing cannot be forecasted. The framework
unies DSGE modeling with early warning methods. Because nancial markets do
not price-in crises risks until late, RegGae assumes that agents depart from rational
expectations by acting as if they knew the future sequence of regimes with certainty. The regime-wise linear solution method is easier than the alternative and
its accuracy is the same  close to the exact, non-linear solution. We illustrate the
framework with a toy New-Keynesian DSGE augmented and macroprudential policy. We conduct macroprudential stress tests with generalized impulse responses and
compute GDP-at-risk ("GaR") and other "at-risk" metrics. The illustration showcases the functionalities of the framework for forecasting probability distributions
under the risk of nancial crises. RegGae paves the way for the optimal calibration
of macroprudential tools and optimal coordination with monetary policy.
DSGE, regime-switching, occasionally binding constraint, endogenous probability,
nancial crises, macroprudential policy, optimal policy, macroprudential stress tests,
growth-at-risk (JEL codes: C68, G01, G28).
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1 Introduction
We set up a framework for macroprudential policy analysis and for macroprudential stress
testing with regime-switching DSGE models (RS-DSGEs).

The framework is dubbed

RegGae: Regime-Switching General Equilibrium with Endogenous Probabilities and Deterministic Expectations. It can be thought of as a framework, rather than a specic
model, as its high generality allows it to be applied to most existing DSGE models being
used. This article presents the framework, its solution, and provides a "toy" example.
The contribution is both methodological and substantive. On the methodological side,
the article characterizes closed-form solutions for RS-DSGEs with deterministic expectations. On the substantive side, it applies the framework to analyze macroprudential
policy and nancial stability. These ideas will be developed in this article.

The overhaul in banking regulation that followed the 2008-09 global nancial crisis
created, or provided renewed interest in, policy tools that reduce the probability of the
nancial crises or limit their severity. These policies were labeled "macroprudential" due
to their nature that incentivizes prudent risk-taking by nancial institutions that behave
in ways that produce system-level, or macro, eects. An example of such tools is Basel
III's countercyclical capital buer. The buer level is to be managed by regulators along
with the credit cycle under a macroprudential policy

rule.

But doubts remain on how

to calibrate these rules: what level should be chosen by regulatory authorities at each
moment? What are the optimal parameters of the reaction function of macroprudential
policy? How should we explain policy trade-os for policy-makers so that they are accountable to society? Can macroprudential stress testing helping to elaborate a narrative
to communicate decisions to the public? These questions can be answered with DSGE
models augmented for this purpose.

At its most basic level, policy analysis is weighting the costs
option for policy-makers to pick the best.

and

benets of each

The tools for this exercise should provide

both sides of the coin. DSGE models of the constant-parameter family can quantify the

costs

of policy tightening  macroprudential policy, monetary or other  in terms of

output forgone. This is commonly done with impulse response functions displaying the
time trajectory of output and other welfare-relevant variables following a policy "shock"
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or "innovation" (a tightening).

The cost is the dierence between the trajectories of

the welfare relevant variables with and without the policy action.

ts

However, the

bene-

of macroprudential policy with DSGEs cannot be quantied with impulse responses.

Macroprudential policy is geared towards ensuring the smooth, uninterrupted functioning of the nancial system. It does so by strengthening the system's resilience, thereby
lowering the likelihood of the realization of a destabilizing event suciently severe so
as to tip the system into a nancial crises.

The exogenous shocks introduced in these

DSGEs do not represent nancial crises: nancial crises are not "just" extraordinarily
large shocks, periods of greater volatility. Instead, nancial crises are much graver events,
occurrences "outside the curve" in both nature and magnitude, with discontinuities in
the fundamental parameters of operation of the economy.

In the absence of nancial

crises in DSGEs, macroprudential tools appear simply as an alternatives for

monetary

policy, not for nancial stability policy. This is because macroprudential policy operates
through many of the same channels of monetary policy and have eects on aggregate
demand, the output gap, and prices.

Constant-parameter DSGEs allow for measuring

the demand-management impact of macroprudential tools but not their nancial stability benets.

The absence of nancial crises in typical DSGEs implies that there is no

nancial stability metric against which to perform cost-benet assessment of policy.

To augment DSGEs for macroprudential policy, we introduce regime-switches to build
nancial crises inside DSGEs. A nancial crisis can be seen as a regime-switch, a change,
a self-conrming change, in the system's parameters (such as market liquidity) when
over-leveraged institutions face credibility problems and when stabilizing forces no longer
dominate (Borio and Zhu, 2012). The switch often occurs when agents realize they had
been making mistakes. Under these circumstances, a new equilibrium emerges in which
nancial intermediation is severely disrupted and a credit crunch ensues.

The regime

switches considered in this article correspond, but are not limited, to the switches caused
by the occasionally binding constraint ("OccBin" or "OBCC", if the constraint is a collateral constraint) method to embed nancial crises into DSGE (Guerrieri and Iacoviello,
2015; Bianchi and Mendoza, 2018; Laséen et al. 2017; IMF, 2017). Because of this correspondence and because regime switches in nancial crises are typically seen as resulting
from binding constraints, this article will use the terms "regime switch" and "constraint
binding" interchangeably, unless the regime change in question is not strictly a binding
constraint  it can be, for example, a low technology regime in a growth DSGE model.
A regime change is a reduced form representation of a fully microfounded model of triggers of nancial crises.

The occbin models in Laséen and al.

(2017) and Bianchi and

Mendoza (2018) microfound to some extent what happens in a typical nancial crisis 
re sales, asset price drops, liquidity hoarding  and endogenize its probability. They
do not microfound why the regime switches, the crisis trigger itself.
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RegGae

goes along

the same lines and proposes a solution for any DSGE with reduced-form representations
of nancial crises.

The disrupted-intermediation regime when the constraint binds 

that is, when the rules (parameters and equations) governing the system change  is
consistent with a drastically lower

equilibrium

output and prices that can be modeled

through regime switches (Woodford, 2012).

In order to conduct macroprudential stress tests and policy analysis, we augment RSDSGEs by introducing also endogenous probabilities of regime changes. This is because
shocks in RS-DSGEs are typically assumed to be exogenous, that is, their distributions
are time-invariant, independent from the system's state.

However, nancial crises are

shocks whose probability and magnitude vary with time and depend on the state of the
system.

In fact, "[t]he [2008] shock was endogenous..." (Stiglitz, 2018).

For example,

credit growth aects the probability of nancial crises. To augment DSGE and thereby
overcome the "exogeneity" inadequacy, we propose that the transition probabilities governing the regime-switch be endogenous (state-contingent). It is a generalization of the
endogenous mechanism of binding collateral constraint of Bianchi and Mendoza (2017)
and Laséen et al.

(2016).

This modeling choice would be consistent with what have

come to be common knowledge in the nancial stability eld: while the timing of crises
is unpredictable, the buildup of the vulnerabilities that make crises more likely can be
observed.

We introduce an additional component that distinguishes
DSGE methods: the

deterministic

RegGae

from other RS-

expectations. We provide the solution for a general

RS-DSGE under the assumption that agents expect a

certain

future path of regimes:

agents believe they know the future regime sequence and form expectations accordingly.
This assumption is used in OccBin models of Guerrieri and Iacoviello (2015)  GI, henceforth , although not explicitly stated. While information may be available that nancial
vulnerabilities are building up and a crisis is more likely, agents may have other incentives
to behave as if a nancial crisis would never happen (Ajello et al., 2015; Aikman et al.,
2018; Gennaioli et al., 2015).

Indeed, bankers may incur moral hazard, compensation

may be based on benchmarking, behavior may be overoptimistic, limited liability may
cause risk underpricing, until the music stops. Indeed, such market failures justify the
adoption of prudential regulation standards such as Basel III. For simplicity, we assume
that even the policy-makers, who implement the policy rules, have deterministic expectations. It is a departure from fully rational expectations but it still implies that agents
are forward-looking and act rationally, consistently with (the deterministic and possibly
wrong) expectations. We claim that this assumption can be appropriate to study nancial crises based on empirical evidence. Nevertheless, we admit that the validity of this
assumption is ultimately an empirical question and depends on the specics of the DSGE
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being used and of the expectation formation protocol assumed by the analyst.

RegGae's

adopts a solution strategy of "regime-wise linearization": a rst order per-

turbation around each regime-specic steady-state, equivalent to GI's solution. The difference between GI and

RegGae is one of context, application and method, not of solution.

GI is concerned with a constraint  such as it

= max{0, Taylor

Rule}, which is the zero

lower bound  that bound today and look for the policy function with a "guess-andverify" algorithm: guess how long the constraint would bind, solve the model backwards
starting from the last constrained period (guessed), and verify that the constraint would
bind exactly the guessed duration (or try again).

RegGae

provides a closed form solution for all time-varying coecients, including for

the variance-covariance matrices, which is absent in GI. This is key for applying shocks
during the constraint binding, which is necessary for macroprudential stress testing but
impossible to be derived with GI's method.

RegGae

provides the solution for each dura-

tion expected by agents that the analyst may wish to assume.

RegGae

is concerned with

switches in parameter values when nancial crises erupt. It looks for the policy function
that depends on what agents expect to happen next, and solve the model backwards from

s

the starting period of the " -innite" regime (the regime expected to last forever). The
solution in GI also assumes deterministic expectations: agents do not weight future outcomes with their probability and the volatility paradox also holds. While GI has already
established the high-quality of the regime-wise linearization, we also compare

RegGae's

solution for a specic example with the exact non-linear solution and found that they
are remarkably close (Appendix D).

RegGae's

theorem formalizes suciency conditions

for uniqueness, a "Long-Run Taylor Principle for Macroprudential Policy" of sorts. Our
contribution is to shed new light on GI's OccBin, to bring up a dierent and easier way
to use it, applied to macroprudential policy analysis and macroprudential stress testing.

RegGae

is to be used with a new heuristics for analyzing the DSGE's results and

it paves the way for macroprudential stress testing and for deriving optimal macroprudential policy and coordination with monetary policy.
response functions as the typical DSGE exercise,

Instead of focusing on impulse

RegGae

is to be used with

generalized

impulse response functions for macroprudential stress testing and for deriving probability distributions of future variable paths (Koop, Pesaran and Potter, 1996). It is a tool
for macroprudential stress testing thanks to the fact that it allows for identifying the
nancial stability risks involved in each policy choice or shock, including "GDP-at-risk"
(GaR) and other "value-at-risk" (VaR) metrics (IMF, 2017; Anderson et al., 2018).

RegGae

Ox-

provides an avenue for further developments needed in DSGE modeling (
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ford Review of Economic Policy, January 2018):
1.

Non-linearities: RegGae

provides a convenient way to introduce non-linearities

in DSGEs while maintaining the linearized, usual structure of existing DSGEs. It
does so to the extent that a regime-switch is a highly non-linear event. While each
regime is linear or linearized, the switch (or the expectation of a switch) introduces
a non-linearity conveniently in an otherwise fully linearized system.
2.

Deterministic expectations: RegGae introduces an expectation formation structure that departs from full rationality while maintaining the principle that agents
care about the future in the spirit called for by Blanchard (2018).

RegGae

assumes

that expectations are imperfectly rational in the sense that regime expectations are

deterministic :

in each period, agents assign a probability of zero or 1 to each future

regime. Agents believe they know the future regimes and act accordingly. This puts
DSGE modeling closer to the literature on behavioral economics and to the empirically observed behavior during bubbles, euphoria, and "irrational exhuberance"
(Ajello et al., 2015; Aikman et al., 2018; Gennaioli et al., 2015).

RegGae

contains,

as a special case, some elements of the heuristics of Woodford (2018): agents may
be assumed to care about only a nite number of periods ahead.
3.

Endogeneity of shocks:

Pre-crisis DSGEs did not model properly the buildup

of vulnerabilities to shocks, which are endogenous (Woodford, 2012; Stiglitz, 2018).

RegGae

addresses this concern frontally by assuming endogenous probabilities of

nancial crises.
In order to showcase and exemplify

RegGae.

RegGae, we postulate a simple "toy" DSGE under

It is the standard "new-keynesian" (with nominal frictions) model augmented

(arbitrarily, without explicit microfoundations) with credit and macroprudential policy
equations. We simulate the model, perform an event-history analysis useful for the elaboration of narratives, and conduct a macroprudential stress test by computing the generalized impulse responses and probability distributions of future outcomes (growth-at-risk).
This exercise shows the way forward for optimization and identication of the optimal
policy mix. The optimization is now possible based on the assumption that the social
planner takes the expectational biases of agents while it makes full use of the public information about the probability of nancial crises.

In the next section we present how
we introduce

RegGae relates to previous literature.

In section 3,

RegGae, the general framework for RS-DSGEs with endogenous transition

probabilities and deterministic expectations. We outline the way forward for optimizing
the policy rules. Then, in section 4, we present a toy example applying the framework.
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This example will showcase the functionalities of the framework to address nancial crises
and macroprudential policy.

2 Relation to previous literature
Regime-switching DSGEs are not new but only recently started to make their way into
the study of nancial stability. A series of theoretical studies have paved the way for the
introduction of RS-DSGEs into the nancial stability realm. Starting from the seminal
work by Hamilton (1989) came the work by Davig and Leeper (2007) and by Farmer,
Waggoner and Zha (2009 and 2011), which characterized equilibrium and derived necessary conditions for existence and stability of RS-DSGEs. The idea that nancial crises
probabilities might be endogenous was put forth by Woodford (2012) and formalized and
solved by Maih (2015) and Barthélemy and Marx (2017). Nevertheless, these works apply the technique to study monetary policy regimes where expectations are fully rational
(take into account the true probability of future regime switches). Our application and,
therefore, assumptions about expectations will dier from this line of work and be closer
to GI's OccBin framework. We bypass the debate on system stability concepts given our
focus in

deterministic

expectations justied by the specic application of interest.

We build on a stream of work that proposes the use of RS-DSGE models with endogenous probabilities to analyze nancial stability and crises. Davig and Leeper (2009)
mention that monetary policy changes during nancial crisis but does not model nancial
crises as regime changes explicitly. Woodford (2012) elaborates the idea and formalizes it
but does not provide a general solution for innite periods. Benes et al. (2014a, 2014b)
come close to using regime switching to assess nancial stability by modeling expectation
reversals (deterministic) causing hard crashes. More recently, it was proposed that the
study of rational bubbles and nancial stability would follow regime-switching models
but with xed probabilities of regime switches (Martin and Ventura, 2018).

From the

stream of literature of "occasionally binding constraint" used for analyzing the zero lower
bound of interest rates emerged some work that applied the same technique for modeling
non-linearities and engineering nancial crises.

He and Krishnamurthy (2014), Laséen

et al. (2017), Bianchi and Mendoza (2018) introduce DSGEs with occasionally binding

collateral

constraints: a stochastic (auto-correlated) variable governing the activation. In

this line of work, the endogenous probability of regime switches emerge naturally from
the model instead of being assumed.

Our paper also contributes to the debate on the welfare benets of "leaning-againstthe-wind" (LAW, i.e., using monetary policy to counter nancial stability risks). Svensson
(2016 and 2017) argues that LAW does not improve welfare. However, their method is a
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cross-section comparison of the welfare of dierent states weighted by probabilities, not
a dynamic weighting of regimes' welfares as we do here. As indicated by Laséen et al.
(2017), it applies to a surprise episode of LAW, not to a systematic LAW rule. Regarding
techniques to measure welfare,

RegGae

is better equipped to assess welfare than other

studies that hardwire, into welfare functions, nancial stability objectives.

This is be-

cause our framework takes full account of crises probabilities and the post-crisis welfare
developments and normalization of regime. Indeed, articles such as Angelini et al. (2014)
and Laureys and Meeks (2018) hardwire in welfare functions volatilities and deviations
from "sustainable" levels of a nancial stability-relevant variables (respectively).

This

is because our framework takes full account of the benets of macroprudential policy
by reducing crises probabilities. The framework for welfare assessment in Laséen et al.
(2017) is equivalent to ours.

The toy model used to exemplify

RegGae

generalizes in DSGE structure the 2-period

games of Ajello et al. (2015) and Aikman et al. (2018) while keeping equivalent assumptions about expectations and endogenous crisis probability.

3

RegGae, the framework

RegGae

has three elements: a regime-switching DSGE, an endogenous probability func-

tion for regimes, and an expectation formation protocol. In this section we introduce one
of these elements at a time, starting with the RS-DSGE. We present the solution after
the rst two elements to highlight that the third element is not needed for the solution.

3.1 The regime-switching DSGE
Consider a generic RS-DSGE where some parameter values may change every period
randomly according to the a realization of a state variable, or regime variable,

st .

The

RS-DSGE can be represented by:

Et [g(xt+1 , xt , xt−1 , Γ(st ), Υ(st ), εt )] = 0

(1)

where:

• Et [·] ≡ E[·|Ωt ] is the expectation operator conditional on the information set known
at time t;
• g(·)
• xt

is a system of dierence equations in

is the vector of endogenous variables;
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xt ,

its lead and lag;

• Γ(st )

is a vector of regime-specic parameters of

g

outside the control of the social

planner. It can contain (and be thought of as) both parameters that enter
actually shift the equations as well as

sunspot

g(·)

and

variables that coordinate agents to

play a particular equilibrium (in multiple equilibrium settings);

• Υ(st )

is a vector of (possibly) regime-contingent parameters chosen by the social

planner;

• εt

is a vector of exogenous shocks.

The assumptions about the properties of the distributions of the regime variable
and the exogenous shocks

εt

st

will be introduced as we present the framework.

As examples, regimes may include a "normal" regime, a bubble/credit boom regime,
a crisis regime, a zero lower-bound regime, and/or a post-crisis regime, etc. Further, the
framework allows for modeling crises of dierent severities by assuming each crisis severity corresponds to a dierent regime such as "severe crisis regime" or "mild crisis regime".

Each regime may possess a regime-specic steady-state,

x̄(st ).

A regime-specic

steady-state is the steady-state that would prevail if there was only that regime. The system can be linearized around each of these regime-specic steady-states, "regime-wise".
Then, the generic regime-wise linear RS-DSGE can be rearranged as:

#
#
"
xpt
xpt−1
+ Ḡ(st ) + A3 (st )εt
A1 (st )
= A2 (st )
xjt
Et [xjt+1 ]
"

(2)

where

• xpt−1
• xjt

is a column vector, a partition of

xt−1 ,

of

p

predetermined variables;

is a column vector, the complementary partition of

xt ,

of

j

non-predetermined,

forward-looking variables ("jumpers");

• Ai (st )

are conformable matrices corresponding to the Jacobians of the DSGE

the variance-covariance matrix of shocks. They are functions of

•

The non-homogenous terms

Ḡ(st )

Γ(st )

and

1

and

Υ(st ).

are regime-specic vectors of constants resulting

from the steady state of each regime. Specically,

Ḡ(st ) ≡ [A1 (st ) − A2 (st )]x̄(st )
1 The

Jacobians can be obtained with Dynare for each regime-specic steady state.

9

(3)

Naturally, the regime-specic steady-states

x̄(st )

are also functions of

Γ(st )

and

Υ(st ).
We normalize the fundamental shocks vector

εt to unit variance.

Thus,

specic matrix of standard deviations and correlations. Therefore,

A3 (st ) is a regime-

RegGae

comprehends

the stochastic volatility case.

With this specication, all elements of the DSGE are regime-dependent: the matrices

A1 (st ) and A2 (st ),
via A3 (st ).

that govern the system's motion direction,
and shock variance-covariances, captured

the system's level,

Ḡ(st ),

We adopt the "end-of-period" timing convention for state-variables and expectations,
in keeping with Dynare:
taken and all

t-indexed

xpt

is the value at the

end

of period

t, after

all decisions in

t

are

random variables are realized.

We make the following simplifying assumption:

Assumption 1. Invertibility: A1 (st ) are invertible for all st .
This assumption allows using the eigenvector decomposition method for solving the
DSGE, instead of using the QZ decomposition suitable for singular lead matrix case.
Future work will attempt to extend the regime-switching framework for singular lead
matrix case. Given Assumption 1, we can premultiply (2) by

"

A−1
1 (st )

to obtain

#
"
#
p
xpt
x
t−1
−1
= A−1
+ A−1
1 (st )A2 (st )
1 (st )Ḡ(st ) + A1 (st )A3 (st )εt
j
j
Et [xt+1 ]
xt

(4)

Equation (4) can be recast as

"

#
"
#
xpt
xpt−1
= A(st )
+ B(st ) + C(st )εt
Et [xjt+1 ]
xjt

where

• A(st ) ≡ A−1
1 (st )A2 (st )

• B(st ) ≡ A−1
1 (st )Ḡ(st )
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(5)

• C(st ) ≡ A−1
1 (st )A3 (st )

Equation (5) is the expectational linear system to be solved. To that end, we need to
know the expectation formation protocol.

3.2 Deterministic Expectations
Solving equation (5) requires specifying the expectation formation protocol. The model
solution depends on which sequence of regimes materialized and what regimes are therefore expected going forward. In constant-parameter DSGEs, this is not an issue as there is
only one regime and therefore expectations conform with the true process. But in regime
switching DSGEs there is a need to specify whether expectations are rational or something else. Solving the model with rational expectations and endogenous probabilities of
regime switch is a technical challenge that only recently has been overcome (Barthélemy
and Marx, 2017; Maih, 2015).

Notwithstanding these technical advances and because

the application of interest here are nancial crises, a dierent route is taken by

RegGae.

We provide a solution for the framework under the assumption that all agents, including
the policy authority, do not incorporate in their expectations the true probability that
the regime may switch and that a crisis may occur.
the current regime and their future path is

2

certain :

Agents are assumed to believe that
they believe they know the current

regime and their future sequence and attribute only probabilities
future regimes, never a probability strictly between 0 and 1.

0

or

1

to current and

This assumption is also

imposed in GI with the additional requirement that the expected duration until return to
baseline regime depends on the "tightness" of the occasionally binding constraint. How
long one expects to be in a regime may depend on the state vector. But conditional on
the state vector, expectations are deterministic. Agents cannot properly assess regime
duration but they believe they can do it with precision.

In a sense, this presents one

answer to the question asked in Blanchard (2018): "How can we deviate from rational
expectations, while keeping the notion that people and rms care about the future?".

(..., st−2 , st−1 , st ) ≡ =t , for each history
of states (..., xt−2 , xt−1 ) ≡ Xt−1 and current exogenous shock εt , agents form deterministic
expectations that current and future regimes will be <(=t , Xt−1 , εt ) = (st , st+1 , st+2 , ...)
where <(·) is an ordered set-valued mapping from past and present histories of regimes
=t to expected present and future regimes. The framework allows the modeler to assume
Put formally, for each node in the history tree

that expectations deviate from the true current regime (that is, a crisis may erupt but

2 Note

that the social planner is not an agent in the framework. Its role is only to choose only once, at
the "beginning", the reaction function to be implemented by the policy authority during the evolution
of the system.
11

agents wouldn't believe they are in a crisis). This exibility dierentiates

RegGae

from

OccBin's algorithm in which expectations abide by regime feasibility.

Formally, we specify expectations with the following assumption:

Assumption 2. Deterministic Expectations: Let R be the set of regimes, R be the
real line, n be the number of endogenous variables, ne be the number of exogenous shocks.
Let there be a mapping < from past and present histories to present and future sequence
of regimes
<:

t
Y

ne
→
R × {Rn }t−1
−∞ × R

−∞

∞
Y

R

t

For any history up to end of period t − 1 plus the random variables realized in t, namely,
(st , εt ), denoted (=t , Xt−1 , εt ), agents assign probability 1 that the current regime and its
future sequence will be <(=t , Xt−1 , εt ), that is,
Et [st , st+1 , st+2 ...|=t , Xt−1 , εt ] ≡ <(=t , Xt−1 , εt )

We call

<(=t , Xt−1 , εt )

an

expectation formation protocol.

One specic case is the as-

sumption in our example of section 4 where agents expect that a crisis will never happen
and, if one does happen, it will last a deterministic and bounded number of periods. There
is a number of possibilities to explore with this specication, which were not considered
in GI. One example is to assume that agents expect that the central bank will comply
with the commitment to keep interest rates at zero for a certain number of periods
after the zero-lower bound constraint ceases to bind. The number of periods

k

k

even

can be set

optimally so that ination rises faster. Then there is a third regime  not considered
by GI  where interest rates are zero but the zero-lower bound is slack (the reference
regime monetary policy rule would call for a positive interest rate). The expected future
regime sequence is revised every period according to the realization of random variables.

RegGae

allows sucient exibility for the researcher to calibrate the expectation for-

mation protocol for the specic application of interest.

Whether expectations are de-

terministic is ultimately an empirical question. The assumption may be valid for some
specic DSGEs capturing some specic features of the real world but not for others. The
extent of the dierence it makes relative to the fully rational expectations equilibrium
may also depend on the specic DSGE being used and on the specic expectation formation protocol. Because the validity of this assumption is DSGE-specic and

<-specic,

we do not compare its results with a fully rational regime-switching framework.
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We note that, while this assumption may appear strong,

3

a closer look shows that

it is justied for the specic objective of modeling nancial crises and macroprudential
policy. First, there is empirical evidence that suggest it. This assumption would be consistent with ndings from the behavioral economics literature about how agents factor in
infrequent events such as nancial crises. This assumption can represent the stylized fact
that individual lenders and borrowers do not account for nancial stability risks when
deciding whether to lend and borrow (remember the subprime?). After a hiatus without
crises, investors fall into believing that "this time is dierent" and neglect crises risks
(Gennaioli et al., 2015). As stated by Stiglitz (2018), "[b]anks engage in contracts with
each other that may be individually rational, but result in greater systemic risk...". Borio
and Zhu (2012) argue that "even when risks are recognized, it may sometimes be dicult
for market participants to withdraw from the fray, as the short-term pain is not seen as
oset by future potential gains". Ajello et al. (2015) nd evidence in forecasters survey
that the subjective crisis probability was close to zero in early 2008.

Perhaps the most compelling empirical observation suggesting that agents behave as
if nancial crises are a zero probability event is the fact that nancial markets are typically calm (low spreads and low volatility) until the crisis eve, when vulnerabilities are
already in place ("volatility paradox"). In fact, it is understood that long periods of low
volatility and low spreads may increase risk appetite, fuel disregard for risk buildup, and
actually increase the vulnerabilities and, thus, the probability of crisis (Borio and Zhu,
2012; Anderson et al., 2018). Central banks and nancial stability authorities actually
monitor
2017).

low

volatilities, not high, as leading indicators of nancial crises (Aikman et al.,

He and Krishnamurthy (2014) suggest that lack of information about leverage

lack of market anticipation of
the 2007-09 crisis. They state categorically that "is not possible to construct a model in
which spreads are low ex-ante, as in the data, and yet the probability of a crisis is high.
[. . . ] our model oers little advance warning of the crisis that followed. That is, without
the benet of hindsight, in both the model and data the probability of the 2007-2009 crisis
is low." These ndings provide empirical support for our assumption that expectations
and of repo market transparency can be blamed for the

of nancial crisis are deterministic (Assumption 2). With this assumption, we provide a
framework for constructing such models He and Krishnamurthy (2014) state are impossible to be built.

Second, there are game theoretical foundations for this modeling choice. In any equilibrium of a repeated game with multiple equilibria, players do not expect that the equilibrium path will switch to a dierent one during the play of an equilibrium (or it would

3 GI

also argues that while this assumption may appear "draconian", it is routinely imposed when
solving DSGE models by standard rst-order perturbation.
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not be an equilibrium).
expected.

Thus, when an equilibrium shift does happen, it is fully un-

Naturally, the regime switch under

RegGae

is a closed-form solution that

"black-boxes" a microfounded game governing the equilibrium path. This argument is
valid for unexpected regime switches, not for expected regime switches such as the return
to normality after crises assumed in the example of section 4 illustrating

RegGae.

For

expected switches, the eects of the switch are fully built in current actions.

And third, the assumption does

not

imply that the probability of crises play no

role. In fact, if the social planner conditions the reaction functions (to be implemented
by the policy authority) on the parameters of the distribution of

st

(which will be the

case presented later), then by implementing the macroprudential policy rule, agents will
indirectly (via the policy rule) internalize the probability of crises in their actions and
expectations, albeit not explicitly.

3.3 Solution of RegGae
Equation (5), together with the specication of an expectation formation protocol

<(=t , Xt−1 , εt )

can be solved by regime-wise linearization under certain conditions yielding a solution in
state-space representation in the following format:

" # " #
" # " #
xpt
Mι p
Qι
Sι
xt−1 +
+
εt
j =
xt
Vι
Zι
Wι
where the general solution for block-matrices

Mι , Qι , Sι , Vι , Zι

(6)

and

Wι

is presented below

and derived in Appendix A. The upper block of matrix equation (6) corresponds to the
state-equation while the lower-block corresponds to the signal-equation. While the quality of the regime-wise linear solution has already been established by GI, the quality of the
regime-wise linear solution compared to the exact (non-linear) solution is assessed in Appendix C for one specic example. These matrices are grouped into history node "types",
denoted

ι.

A node type is, for example, a normal-regime period, a crisis period, a period

where regime is

st = s but agents believe st = s0 , etc.

The set of node types depends on

<.

Thus the solution, if one exists at a specic history node, depends on the expectation
formation protocol but not on the actual process governing the regime switch as, by
assumption, this does not aect expectations.

Let the set of matrices that solve the

model at the nodes where a solution exists be denoted
denoted

S

and the set of period types be

I(<):
S(<) ≡ {Mι , Qι , Sι , Vι , Zι , Wι |ι ∈ I(<)}

An expectation formation protocol may culminate in history nodes which are
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(7)

s-

innite. In an s-innite expectations history node at time t, agents expect regime s ∈ R
to last forever. It is an identical situation to the well known, constant parameter, single
regime case.

This denition will be convenient when characterizing the solution (Ap-

pendix A).

Denition 1. s-innite histories: History (=t , Xt−1 , εt ) is s-innite if and only if, for
some s ∈ R,
<(=t , Xt−1 , εt ) = (s, s, s, ...)
In the following propositions we present the regime-wise linear solutions for two types
of history nodes.

Proposition 1 (Solution in s-innite histories). Let =t be an s-innite history
node and let S(<(=t , Xt−1 , εt )) denote the subset of the solution set at history node
(=t , Xt−1 , εt ):
S(<(=t , Xt−1 , εt )) ≡ {Mst ,s , Qst ,s , Sst ,s , Vs , Zs , Ws |st , s ∈ I(<(=t , Xt−1 , εt ))}

Let the Blanchard-Kahn conditions hold in regime s. Then, with the notation of Appendix
A, the solution S(<(=t , Xt−1 , εt )) is:

Proof.

Mst ,s = Apj (st )Vs + App (st )

(8)

Qst ,s = Apj (st )Zs + Bp (st )

(9)

Sst ,s = Apj (st )Ws + Cp (st )

(10)

Vs = −(Pjj,s )−1 Pjp,s

(11)

−1
Zs = −(Pjj,s )−1 [(Ij − Λ−1
− Ij ]Pj,s B(s)
j,s )

(12)

Ws = −(Pjj,s )−1 Λ−1
j,s Pj,s C(s)

(13)

The proof is Appendix A.

This solution looks very much like the solution for constant-parameter DSGEs. Indeed, for the special case where

s = st ,

this solution matches the solution matrices

obtained with Dynare (when the actual current regime
believe that will last forever).

st

is the regime

st .

that agents

But there is one dierence: we allow for the exibility

that agents believe that the regime that is expected to last forever
actual current regime

s

s be dierent from the

The modeler is able to assume that even unfeasible trajectories

4

can be expected, such as when an occasionally binding constraint is violated.

The next

proposition introduces the solution when the regime is expected to change eventually.

4 GI's

OccBin assumes that expectations respect feasibility, which is what the "guess-and-verify"
algorithm is all about nding.
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Proposition 2 (Solution at nite histories). Let s and s0 be two regimes, not necessarily the same. Let (=t , Xt−1 , εt ) be a history node where <(=t , Xt−1 , εt ) = (s, s0 , st+2 , ...).
Let S(<(=t , Xt−1 , εt )) denote the subset of the solution set at history node =t :
S(<(=t , Xt−1 , εt )) ≡ {Mst ,s , Qst ,s , Sst ,s , Vs , Zs , Ws |s ∈ I(<(=t , Xt−1 , εt ))}

Let Et [<(=t+1 , Xt , εt+1 )] = (s0 , st+2 , ...) and let there exist an expected unique solution for
the next history (=t+1 , Xt , εt+1 ):
Et [S(<(=t+1 , Xt , εt+1 ))] = {Ms0 , Qs0 , Ss0 , Vs0 , Zs0 , Ws0 |s0 ∈ I(Et [<(=t+1 , Xt , εt+1 )])}

Then, with the notation of Appendix A, the solution S(<(=t , Xt−1 , εt )) is:
Mst ,s = Apj (st )Vs + App (st )

(14)

Qst ,s = Apj (st )Zs + Bp (st )

(15)

Sst ,s = Apj (st )Ws + Cp (st )

(16)

−1
Vs = [Ij − (Pjj,s )−1 Λ−1
j,s (Pjp,s + Pjj,s Vs0 )Apj (s)]

[−(Pjj,s )−1 Pjp,s + (Pjj,s )−1 Λ−1
j,s (Pjp,s + Pjj,s Vs0 )App (s)]

(17)

−1
Zs = [Ij − (Pjj,s )−1 Λ−1
j,s (Pjp,s + Pjj,s Vs0 )Apj (s)]

(Pjj,s )−1 Λ−1
j,s {(Pjp,s + Pjj,s Vs0 )Bp (s) + Pjj,s Zs0 − Pj,s B(s) + Pjj,t Ws0 Et [εt+1 ]}

(18)

−1
Ws = [Ij − (Pjj,s )−1 Λ−1
j,s (Pjp,s + Pjj,s Vs0 )Apj (s)]

(Pjj,s )−1 Λ−1
j,s [(Pjp,s + Pjj,s Vs0 )Cp (s) − Pj,s C(s)]

Proof.

(19)

The proof is Appendix A.

Proposition 2 shows that the solution today depends on the expected solution tomorrow. It implies that existence and uniqueness today is ensured by expected existence and
uniqueness tomorrow. With that we can state the theorem of

RegGae:

Theorem 1 (RegGae : Global Existence and Uniqueness). Let <(·) be such that,
in all attainable regime history nodes (=t , Xt−1 , εt ), agents expect the system to culminate
in s-innite histories in a globally bounded number of periods. Let R∞ be the subset of
the regime set R of all regimes s for which s-innite histories are expected somewhere in
16

the attainable history tree. Let also the Blanchard-Kahn conditions hold for all regimes
in R∞ . Then a unique solution S(<) exists everywhere in the attainable history tree.
Proof.

(=t , Xt−1 , εt ) be an attainable history node. Then, by assumption, <(=t , Xt−1 , εt )
is expected to culminate in s-innite history for some regime s ∈ R∞ from time t + n + 1
e e
e
e
onwards, that is, <(=t , Xt−1 , εt ) = (st , st+1 , st+2 , ...., st+n , s, s, s...) where superscript e
denotes the specic regime expected. Let S(<(=t , Xt−1 , εt )) denote the subset of the
solution set at history node (=t , Xt−1 , εt ). Let's show that a unique S(<(=t , Xt−1 , εt ))
Let

exists:

s ∈ R∞ ⇒ the Blanchard-Kahn conditions hold for s
⇒ ∃ unique Et [S(<(=t+n+k , Xt+n+k−1 , εt+n+k ))] for k ≥ 1 (by Proposition
⇒ ∃ unique Et [S(<(=t+n , Xt+n−1 , εt+n ))] (by Proposition 2)
⇒ ∃ unique Et [S(<(=t+n−1 , Xt+n−2 , εt+n−1 ))] (by Proposition 2)

1)

... (by backward induction)

⇒∃

unique

Et [S(<(=t , Xt−1 , εt ))] = S(<(=t , Xt−1 , εt ))

The theorem follows from the fact that, at any

(by Proposition 2)

s-innite history node, the Blanchard-

Kahn (BK) conditions ensure expected existence and uniqueness at that history node
(Blanchard and Kahn, 1980). Intuitively, if expectations at all history nodes culminate

s-innite histories after a nite, bounded number of periods, then the
at that s-innite history node can be rolled back to any starting point.
in

unique solution

The main idea of Theorem 1 is also stated (informally) in GI. Theorem 1 simply states
that the BK conditions are needed only for those regimes for which there are

s-innite

histories. Regimes that are expected to last a bounded number of periods do not have
to satisfy BK. But agents must expect that the history of regimes will eventually reach

s-innity

at some node down the regime history tree. It is the deterministic expectation

parallel of the result of Davig and Leeper (2007) that enlarged the determinacy set beyond the set where all regimes satisfy BK conditions, a "Long-Run Taylor Principle for
Macroprudential Policy" of sorts. Note that Theorem 1 is a suciency result for global
determinacy. Other congurations of expectations  such as cyclical regime switch sequences  can be investigated for node-wise and global suciency. Note also that we
applied the Law of Iterated Expectations.
expectations violate this law.

Therefore, the theorem would not apply if

5

5 An

example expectations that violate the Law of Iterated Expectations would be the case where
agents expect the current regime to last one additional period: <(=t , Xt−1 , εt ) = (st , st , set+2 , set+3 , ...)
and <(=t+1 ) = (st , st , set+3 , set+4 , ...). In such a case, agents expect today something dierent from what
they expect to expect tomorrow if expectations today are conrmed.
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3.4 The endogenous probability of regime-switch
We now turn to the third component of

RegGae.

To model the fact that switching to a

nancial crisis regime depends on the state of the economy, we assume that the probability
of a switch is a function of the system's variables up to the previous period
the history of regime realizations up to

st−1 ,

denoted

Xt−1 ,

and

=t−1 ≡ (..., st−2 , st−1 ):

P r[st = s|Xt−1 , =t−1 ] ≡ p(s|Xt−1 , =t−1 )

(20)

where a Markov process is a special case.

This modeling strategy where crises are probabilistic events is consistent with the
current understanding of nancial crises in the academic and policy-making eld. It is
understood that it is possible to identify vulnerabilities and other conditions that make
nancial crises more likely and more severe but it is not possible to predict when a crisis
will be triggered. For example, credit growth and indebtedness, which can be modeled
with DSGEs, are usually considered vulnerabilities with superior early warning properties as crises predictors (BCBS, 2010; Gonzalez et al. 2017). As credit is booming and
households and rms are more indebted, crises are more likely. However, the exact timing
of nancial crises cannot predicted as the immediate crisis trigger may be a political or
other exogenous event.

In many OBCC models, this crisis probability function emerges naturally from the
model and do not need to be assumed (Laseen et al., 2017; Bianchi and Mendoza, 2018).
In these models, the constraint slackness is a metric for crisis probability. This is because,
the smaller the slackness, the more likely there will be a shock larger than the slackness
 which would bind the constraint and tip the economy into a crisis.

Central banks, multilateral organizations, and other nancial stability watchdogs already monitor proxies for function

p(·)

through a variety of means.

Examples are the

IMF's Vulnerability Exercise (Basu, Chamon, Crowe, 2017) and the "Financial System
Stability Monitor" of the US's Oce of Financial Research.
terpreted as the

vulnerabilities, that is, the unconditional

6

Function

p(·)

can be in-

probability of a regime switch,

unconditional on relevant factors not modeled in the DSGE. In actual policy-making, this

risks, that is, outside knowledge about the environment and judgment to form a subjective conditional probability
of a regime switch. Outside factors include political and external risks. RegGae allows

unconditional probability is confronted with environmental

modeling this idea precisely with a DSGE where credit and indebtedness are among the
variables by assuming

p(crisis|·, =t−1 ) is an increasing function of credit and indebtedness

6 https://www.nancialresearch.gov/nancial-vulnerabilities
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(the toy model presented in section 4 will be such an example). In the example of this
paper, we will consider a case where a crisis happens with a logistic probability function
and lasts one period.

However, expectations would not conform with the "true" crisis

probability.

Note that the probability of crises depends on the system in the previous period,
not contemporaneously. As it has been shown, it would make no sense if the system's
variables after a crisis determined the probability of triggering it (Barthelemy and Marx,
2017).

RegGae 's

setup provides a natural way to search for the optimal policy mix.

model's solution

The

S(<) combined with the process governing the regime switch, p(st |Xt−1 , =t−1 ),

can be simulated multiple times. With some welfare metric, the expected welfare of each
tuple

< S, p >

can be approximated by Law of Large Numbers. The social planner can

then choose the value of the parameters

Υ(st ) of the reaction functions to be implemented

by the policy-authority in order to maximize expected welfare and thereby ensure optimal
coordination of monetary and macroprudential policy. In a linear model, the parameters

Υ(st )

are those rows of matrices

A(st )

and

B(st )

under control by the policy authority.

These may include (depending on the model) the parameters of the monetary and macroprudential policy rules  including the intermediate targets for ination and nancial
stability. The model's solution depends on the policy rules and, to make this dependence
explicit, we will write

S(<, Υ(st )).

Welfare depends on the sequence of realizations of the system,

{xt+k }∞
k=1 .

The opti-

mization problem to be solved is:

max Et [U ({xt+k }∞
k=1 )|=t , p(·), S(<, Υ(st ))]
Υ(st )

(21)

The constraints are built in the expectations of the social planner, including the BK
conditions for

s-innite

regimes.

We assume that the social planner knows the true

process governing the regime switch,

p(·),

dened in equation (20).

idea that the conditions and vulnerabilities contained in
are known by the social planner.
formation protocol,

<(·),

xt

This models the

aecting the crisis probability

The social planner also knows agents' expectation

which embeds the cognitive biases of agents, including of the

macroprudential and monetary policy authority.

Υ(st ), thereby aecting
S(<, Υ(st )). The optimal choice

The social planner acts once and for

all by choosing

agents expectations, actions, and the model's

solution

takes agents' imperfectly rational expectations

into account in the sense that the optimum depends on

<.

Thus, while agents form

imperfectly rational expectations, their actions are aected by the rational expectations
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of the social planner through the choice of the parameters of the policy-makers reaction
functions

Υ(st ).

4 Illustrating RegGae in action
We illustrate

RegGae 's functionalities with a toy model:

a standard, small neo-keynesian

DSGE augmented with an (arbitrary) credit equation and macroprudential policy rule.
The choice of model shows that even a simple DSGE can be used for basic macroprudential stress testing and policy analysis with

st ∈ R = {normal,

RegGae.

The toy model has two regimes

crisis} where it is assumed that the steady state level of credit is

related to the steady state output: lower credit yields lower output. This models the idea
that, in a nancial crisis, nancial intermediation is severely disrupted and the nancial
sector "shuts down", thereby reducing potential output. Credit is assumed to be the only
variable that matters for the transition probability from normal regime into crisis. This
is because credit is considered to be the single most powerful predictor of nancial crises
(BCBS, 2010; Gonzales et al., 2017). The crisis probability function

p(·)

is such that a

crisis lasts for one period (one year) although a new crisis may materialize immediately
after another. The assumption that crises last one year is commensurate to the 2008 crisis in the US, which lasted approximately from summer 2008 to spring 2009. The crisis
duration of 1 year is also adopted by Bianchi and Mendoza (2018), although their work
denes nancial crisis dierently.

In line with Assumption (2), agents expect normal periods to last forever and crises
to last one single year. Therefore, there are two history node types

ι∈I

in this model:

normal years and crisis years. The full solution is in Appendix B.

Since the objective now is to simply illustrate the framework, we are not concerned
with the empirical validity of the specic DSGE used in this example, we do not microfound it, and we allow ourselves to calibrate it in a caricatural fashion suitable for
qualitative analysis only. We use this "toy" DSGE in the spirit presented by Blanchard
(2018) according to whom "[d]ierent types of general equilibrium models are needed for
dierent purposes. For exploration and pedagogy, the criteria should be transparency and
simplicity and, for that, toy models are the right vehicles." In a sense, the weaknesses of
this specic toy DSGE strengthens the case for using

RegGae

as they show that

is able to equip for macroprudential policy analysis even simple models.
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RegGae

4.1 The toy model under RegGae
The toy DSGE under

RegGae

has 8 elements along the same lines of Aikman et al.

(2018), namely, six structural equations, a regime-switch rule, and an expectation formation protocol.

The model has 6 variables  output, ination, interest rate, credit,

macroprudential policy instrument, and an AR(1) disturbance on credit  and 5 exogenous shocks (standard normal). Now we introduce the 8 elements of the toy model under

RegGae :
1. A (credit-augmented) dynamic IS curve:

yt = ρy yt−1 + (1 − ρy )Et yt+1 −

1
[(it − ī) − (Et πt+1 − π̄)] + α(ct − c̄) + σy εyt
σ

where the bars indicate the steady-state values of the variables. Variable

yt

(22)

denotes

log-output, it is the nominal interest rate,

ct denotes real log-credit, σ is a parameter
for the impact of the ex-ante real interest rate on output, α is a credit parameter,
the transmission from credit to output, and σy is the shock term's standard deviay
tion (the variance of εt is 1). The variables are in levels, not in gaps from steady
states. We normalize the steady state ȳ at ln(1) in normal times but [ln(.95)] in
a crisis (meaning that a crisis regime GDP, if a crisis lasted forever, would be [5]
percent short of the normal GDP). We use levels in order to distinguish dierent
steady-states and to compute utility. Credit enters the IS and Phillips curves additively, implying credit rationing (for a constant interest rate, more credit would
add to GDP and ination).

2. A dynamic Phillips curve:

(πt − π̄) − ω(πt−1 − π̄) =
β[(Et πt+1 − π̄) − ω(πt − π̄)] + θ(yt − ȳ) + φ(ct − c̄) + σπ επt
where

φ

πt

denotes ination, the parameter

ω

captures ination inertia while

capture the impact of output and credit on ination, respectively.

standard deviation of the shock term (as the variance of
credit may pressure ination (through
The steady-state of ination

π̄

φ)

επt

σπ

(23)

θ

and

is the

is 1). We assume that

independently from its eect on output.

in normal times is chosen to be 2 percent (approxi-

mately equivalent to the ination target of the Bank of England and the ECB) but
only 0.125 percent in crises to mimic the typical desinationary process of nancial
crises. Think of the ination steady-state under a crisis not as a desired ination
target but the level of the system's nominal anchor.
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3. A monetary policy rule:

it − ī = ρi (it−1 − ī) + (1 − ρi )[γπ (πt − π̄) + γy (yt − ȳ) + γc (ct − c̄)] + σi εit
ρi

where

(24)

is a smoothness parameter for monetary policy while the gammas are

weights attributed by the monetary policy authority to each intermediate policy
objective.

ī

σi

is the shock standard deviation. The steady-state of the interest rate

is 4 percent in normal times but only 0.25 percent in crisis, implying that the

long-run real interest rate also drops in nancial crises. These levels are twice the
respective levels of ination.

With this specication, we allow for the possibility that the central bank may choose
to ght nancial instability via interest rates "leaning-against-the-wind", depending
on the value of

γc .

This assumption has been a trend in the literature on monetary

policy after the 2008-9 nancial crisis (Svensson, 2016 and 2017). Dierent values
for the coecients of this reaction function can be tested to determine optimal
values.
4. A credit equation:

ct − c̄ = η(ct−1 − c̄) − ψ(it − ī) + λ(yt − ȳ) − µ(mt − m̄) + εct
where

mt

(25)

is the level of a macroprudential policy lever, such as the value of Basel

III's countercyclical capital buer (CCyB) or the cap on loan-to-value (LTV) ratios of the collateral constraint or on debt-service-to-income ratios (DSTI) for new
mortgage loans or anything else usable countercyclically to constrain credit.

We

choose the steady state of credit to be [ln .60] in normal times but [ln .50] in crises
to mimic credit crunches associated with nancial crises. The parameters are

λ, µ,

and

σc .

We assume that

εct

η, ψ,

follows a stationary, zero-mean AR(1) process to

provide some persistence in credit shocks (sixth equation).

5. A macroprudential policy rule:

mt − m̄ = ξ(mt−1 − m̄) + κ(ct − c̄) + σm εm
t

(26)

where the dependence of the macroprudential tool on the deviation of credit from its
long-term trend is a natural specication of the "Basel rule" proposed for the CCyB
(BCBS, 2010). While the macroprudential authority, who decides the value of

κ,

may choose to ght ination with macroprudential policy (due to the transmission
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from macroprudential policy to credit and, from there, to ination via the Phillips
curve), we constrain the regulatory authority from reacting to ination with the
macroprudential instrument. While it has been a trend to consider using monetary
policy to ght nancial instability, it is not generally discussed the idea of using
macroprudential policy to ght ination (although this is a theoretical possibility).
In this context, some policy levers have dual identity (macroprudential and monetary) as they aect both nancial stability and monetary stability. Such is the case
of bank reserve requirements.

We choose the steady state

m̄

to be 7 percent in the normal regime to mimic the

level of Common Equity Tier 1 (CET1) capital as a percentage of risk weighted
assets (RWA) corresponding to Basel III's minimum level plus the conservation
buer. Any excess of

mt

beyond 7 percent would represent the deployment of Basel

III's CCyB. We set the crisis level of

m̄ to be 2 percent of RWA. With a hand-waving

at this point, we state that levels below 7 percent may represent the authorization
by the regulator that banks consume their Basel III's conservation buer  we
choose not to impose the occasionally binding constraint that requires the CCyB
to be between 0 and 2.5% of RWA for simplicity.
6. The AR(1) process for the credit shock (stationary):

εct = ρεc εct−1 + ct

where

ct ∼ N (0, 1)

(27)

7. A regime-switch probability rule: it is assumed that crises last one period but a
new crisis may happen immediately after another.
are attainable.

Therefore, all history nodes

The probability function that a crisis will happen in

t

is logistic

along the same lines as Ajello et al (2015) and Aikman et al (2018): [check this
specication]

P r[st = crisis|ct−1 ] = p(ct−1 ) =
where

c̄0

+ ζ1 (ct−1 − c̄0 )]
1 + exp[ζ0 + ζ1 (ct−1 − c̄0 )]
exp[ζ0

is a parameter that equals the steady state value of

ct

(28)

in normal times,

[ln(.6)]. This is in line with the understanding that credit in excess of long term
trend is a crisis predictor (BCBS, 2010; Schularick and Taylor, 2012). Parameters

ζi

are such that the normal regime steady-state crisis probability is [1] percent.

This calibration of crises duration (one year) is broadly in line with the calibration
in Svensson (2017), and Bianchi and Mendoza's (2018), where values for crises
duration and were chosen to match data. However, crisis frequency is somewhat
larger than the literature has documented to caricature these episodes and replicate
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stylized facts.
8. An expectation formation protocol: agents expect that normal times will last forever
and that crises will last one period (one year), as in Bianchi and Mendoza (2018).
Therefore, agents always expect normal regime from the next period onward. The
expectation formation protocol is

<(=t , Xt−1 , εt ) = {st , normal,

normal, ...}

∀ =t

Expectations in all attainable history nodes culminate in an

s-innite

(29)

regime (the

normal regime). By Theorem 1, the BK conditions holding in the normal regime
(only) is sucient to imply global existence and uniqueness of a solution.
We assume the parameters take the values of Table 1.

Most of the dynamics pa-

rameters are similar in both regimes, except for the policy rules, which are turned-o in
the crisis regime (in the sense that BK conditions are violated during the crisis regime).
However, their levels (steady-states) dier markedly according to the regime.

4.2 Simulation and Macroprudential Stress Testing
We solve the toy model applying the formulas in Appendix B and obtain the system's law
of motion. To portray the data generation pattern of the solution of the toy model under

RegGae,

rst we simulate it without shocks

εt

to visualize the anatomy of a nancial

crisis (Figure 1). The simulation helps to elaborate the narrative for the evolution of the
economy during and after nancial crises. In the particular simulation of Figure 1, one
crisis happened in the [5th] year (bottom left chart of Figure 1).

During crisis, GDP,

ination, and credit collapse. We set monetary and macroprudential to "switch-o", to
ease markedly during crises.

This behavior reproduces the anecdotal behavior of the

economy after crisis. Because the Taylor Principle is violated in the crisis regime by the
choice of reaction function parameters, the BK conditions do not hold in the crisis regime
 this is unproblematic for existence and uniqueness by Theorem 1. Naturally, a more
empirically valid model would have more regimes such as a boom phase, a crash, and a
post-crisis phase with a low interest rate regime.

We also conducted event-history analysis to understand the typical behavior before
and after crises. To that end, out of a simulation of 5,000 periods, we collected all [245]
crisis episodes [(4.9%)] together with the tree years before and after the crisis year. Averaging out across episodes yields the analysis in Figure 2.

[Expand interpretation of Figure 2 here]
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Figure 1: The anatomy of a toy nancial crisis under

Figure 2: Toy-RegGae: event-history analysis
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RegGae

Figure 3: GIRFs under

RegGae

(shock to

ct

of 1 s.d.)

Next we conducted a macroprudential stress test by subjecting the economy to a positive credit shock, which increases the probability of a nancial crisis. We also computed
the eect of the credit boom on GDP-at-risk (GaR) and other value-at-risk metrics (Figures 4 to 8).

To see the shock average impact, we computed the generalized impulse

response functions (GIRF) of the credit shock by implementing the shock 5,000 times
(Figure 3). The GIRF for this toy economy follow closely the IRF of the normal regime-

7

only economy under a credit boom.
in a credit boom:

On rst sight, it looks like there are only benets

credit grows thereby boosts GDP. It also leads to ination and to

tightening of monetary and macroprudential policies.

Because crises are rare events,

their negative eect is not noticeable by looking at averages. [Problem: Explain positive
GIRF for utility]

With this IRF simulation exercise,

RegGae makes it easy to visualize the tail-fattening

of the outcome distribution when a credit boom is underway. The magnitude of the tailfattening can work as metric of nancial vulnerability along the same lines of IMF (2017).
To that end, we look at the left-shift in the GaR that results from the credit shock (Figure
4). The chosen GaR threshold in the literature is 5%, which tends to capture most crisis

7 It

is assumed that crises cannot happen in t = 1 and, because of this GDP "bonus" without crisis
risk, the utility GIRF in t = 1 was set to zero.
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Figure 4:

GDP-at-risk (GaR) : Density of GDP IRF

episodes. In our toy example, as expected, the credit boom caused the distribution tail
to fatten and GaR to drop: without the credit shock, there was a 5% probability that
GDP would be below [.97] in a 3 year horizon but, if such a shock happened, the 5%
probability cuto would shift left to [.94], a shift of [3] percentage points. This measure
works as a vulnerability metric as it is the impact of a plausible shock, the result of the
macroprudential stress test. In the 4-year horizon, the left shift of the GaR 5% cuto
would be even higher, [12.8] percentage points (from [.98] to [.93]).

This measure can

minimized with the choice of the optimal policy rule.

5 Conclusion
Macroprudential policy and macroprudential stress tests can be conducted even with
simple DSGE models. To that end,

RegGae

provides a

how-to

explanation of elements

needed and formulas to be applied to augment a DSGE into a macroprudential policyand stress-test-ready DSGE.

RegGae 's framework can be applied to any specic DSGE,

including non-linear models. Therefore, existing DSGEs being used in central banks for
monetary policy can be seamlessly augmented to inform macroprudential policy as well.
It suces to collect the Jacobians and steady-state vectors of the DSGE (one set per
regime), rearrange the matrices in the format of equation (2), gure out a reasonable

8

expectation formation protocols and apply the formulas in this article.
probability distribution evolving in parallel to the DSGE process,

With the crisis

RegGae

makes viable

the derivation of values-at-risk metrics and the simulation of shifts in values-at-risk (vul-

8 The

Jacobian and steady-states can be obtained with software packages such as Dynare.
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Figure 5: Density of interest rate IRF

Figure 6:

Credit-at-risk :
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Density of credit IRF

Figure 7:

MaPP-at-risk :

Figure 8:

Density of Macroprudential Policy IRF

Ination-at-risk :
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Density of ination IRF

Table 1: Parameter Values
Parameter
Normal
Crisis

ω
σ
β
θ
α
φ
ρy
ρi
ρεc
γπ
γy
γc
η
ψ
λ
µ
ξ
κ
ȳ
π̄
ī
c̄
m̄
y
s.d.(εt )
π
s.d.(εt )
i
s.d.(εt )
c
s.d.(t )
m
s.d.(εt )
ζ0
ζ1

0.01

0.01

1

1

0.98

0.98

0.1

0.1

0.09

0.15

0.05

0.05

0.85

.8

0.767

0.7

0.75

0.75

1.01

0.975

0.05

0.025

0.00001

0.00001

0.65

0.25

0.05

0.05

0.25

0.25

1

1

0.5

0.6

0.1

0.295

ln(1)

ln(.8)

0.02

0.00125

0.04

0.0025

ln(.6)

ln(.5)

0.07

0.02

0.0025

0.000075

0.0075

0.000075

0.001

0.00001

0.05

0.001

0.0005

0.00001

-4.6

...
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...
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nerabilities) caused by any of model's shocks.

The challenge to use

RegGae

is rather empirical and computational than technical.

On the empirical side, it is dicult to calibrate reasonable parameter values for crises
regimes, let alone estimate them. This is because nancial crises are rare, temporary and
therefore elusive. In addition, nding a tuple
crisis probability function

p(·).

< S, p >

requires devising an appropriate

This is a direction where the early warning research could

usefully evolve and, in this sense,

RegGae

unies the research on DSGEs with that on

early warning methods.

Performing the optimization of section 3.5 may require non-usual computational capacity for the search algorithm. Indeed, the lack of analytic solution for the optimization
problem implies the need to simulate the model thousands of times to obtain good estimates of the expected welfare of each policy rule.

Despite these challenges,

RegGae presents a promising avenue for research on nancial

stability and for assisting policy making. It does so by providing DSGE models with new
uses by repurposing them to a new application.
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Appendices

A Solution of RegGae (Proof of Propositions 1 and 2)
In this section, we derive

RegGae's

solution

S(<, Υ),

which are the formulas in Proposi-

tions 1 and 2. We proceed with the Blanchard-Kahn method of eigenvalue/eigenvector
manipulation. Starting from equation (5), diagonalize each

A(st )

such that (with some

abuse of notation):

A(st ) ≡ Pt−1 Λt Pt

where

Λt

is a diagonal matrix of eigenvalues and

Pt

(30)

is the inverse of the eigenvectors' ma-

trix. Eigenvalues are ordered in increasing absolute values while eigenvectors are ordered
accordingly.

Plugging (30) into (5) and premultiplying by

"
Pt

Partition the matrix

Pt

variables) upper rows and

Pt .

results in:

#
#
"
xpt
xpt−1
+ Pt B(st ) + Pt C(st )εt
= Λt Pt
xjt
Et [xjt+1 ]
"

rows of

Pt

into

j

Pp,t
Pj,t

(31)

#
corresponding to the

p

(number of predetermined

(number of "jumper", non-predetermined variables) lower

Taking only the lower

j

rows of

Pt

allows us to extract the following relation-

ship from (31):

"
Pj,t
where

Λj,t

#
#
"
xpt
xpt−1
+ Pj,t B(st ) + Pj,t C(st )εt
= Λj,t Pj,t
Et [xjt+1 ]
xjt

is a diagonal matrix of dimension

contains the

j

j

that, because of the ordering adopted,

largest eigenvalues (in absolute value) of

Premultiplying (32) by

"
Pj,t

Λ−1
j,t

(32)

Λt .9

and rearranging terms yields:

#
"
#
p
xpt−1
x
t
−1
= Λ−1
− Λ−1
j,t Pj,t B(st ) − Λj,t Pj,t C(st )εt
j,t Pj,t
j
j
xt
Et [xt+1 ]

9 Later we will assume that all and only the eigenvalues in Λ

j,t

Kahn conditions)
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(33)

lie outside the unit circle (the Blanchard-

Forwarding (33) by one period yields:

"
Pj,t+1

#
"
#
p
xpt
x
t+1
= Λ−1
j,t+1 Pj,t+1
j
xt+1
Et+1 [xjt+2 ]
−1
− Λ−1
j,t+1 Pj,t+1 B(st+1 ) − Λj,t+1 Pj,t+1 C(st+1 )εt+1

We proceed by solving for the forward looking variables under

(34)

s-innite histories, then

for the pre-determined variables and nally for the nite histories.

A.1 Forward-looking variables at s-innite histories
s-innite expectations, take expectations
as of t of (33) and (34) conditional on st+k = s for some s for k = 1, 2, ... denoted by ~
s.
Thus, the expectations of equations (33) and (34) as of t become:

To calculate the forward-looking variables under

"
Pj,s

#
"
#
p
xpt−1
E
[x
|~
s
]
t
t
−1
= Λ−1
− Λ−1
j,s Pj,s
j,s Pj,s B(s) − Λj,s Pj,s C(s)εt
xjt
Et [xjt+1 |~s]

(35)

and

"
Pj,s

#
"
#
p
Et [xpt |~s]
E
[x
|~
s
]
t
t+1
−1
= Λ−1
− Λ−1
j,s Pj,s
j,s Pj,s B(s) − Λj,s Pj,s C(s)Et [εt+1 ]
Et [xjt+1 |~s]
Et [xjt+2 |~s]

(36)

Plug (36) into (35):

"
Pj,s

#
"
"
#
#
p
xpt−1
E
[x
|~
s
]
t t+1
−1
−1
= Λ−1
− Λ−1
j,s Λj,s Pj,s
j,s Pj,s B(s) − Λj,s Pj,s C(s)Et [εt+1 ]
j
j
xt
Et [xt+2 |~s]
−1
− Λ−1
j,s Pj,s B(s) − Λj,s Pj,s C(s)εt

"
⇒ Pj,s

#
"
#
2
p
X


xpt−1
E
[x
|~
s
]
t
t+1
−2
−k
−
Λ
P
=
Λ
P
B(s)
+
C(s)E
[ε
]
j,s
j,s
t
t+k−1
j,s
j,s
xjt
Et [xjt+2 |~s]
k=1

Repeating recursively

ad innitum

(37)

(38)

the substitution of (36) (forwarded one period at

a time) into (38) yields:

"
#
#
"
∞
p
X


xpt−1
E
[x
|~
s
]
t t+T −1
−T
Pj,s
−
Λ−k
=
lim
Λ
P
j,t Pj,s B(s) + C(s)Et [εt+k−1 ]
j,s j,s
j
j
T →∞
xt
Et [xt+T |~s]
k=1
Let the Blanchard-Kahn (1980) conditions hold for all
ements of

Λj,s

are larger than 1 in modulus.

s-innite

(39)

regimes, i.e., all el-

This allows crossing out the term with

the limit of future expectations. Let also the "present value" of all the expectations of
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fundamental shocks (discounted by the inverse eigenvalues) multiplied

Pj,s C(s)

converge

to zero. This allows crossing out the expectations of future shocks but leaving behind
the term with current period shock. Then (39) becomes:

"
⇒ Pj,s

#
∞
X
xpt−1
−1
=
−
Λ−k
j,s Pj,s B(s) − Λj,s Pj,s C(s)εt
j
xt
k=1
−1
= −[(Ij − Λ−1
− Ij ]Pj,s B(s) − Λ−1
j,s )
j,s Pj,s C(s)εt

where

Ij

is an identity matrix of dimension

j.

Adopting the notation where a generic matrix

"

Lpp Lpj
Ljp Ljj
"

⇒ Pj,s

(40)

L

is partitioned into

" #
Lp
L ≡
≡
Lj

#
and plugging the partition of

Pj,s

in (40) imply

#
xpt−1
−1
≡ Pjp,s xpt−1 + Pjj,s xjt = −[(Ij − Λ−1
− Ij ]Pj,s B(s) − Λ−1
j,s )
j,s Pj,s C(s)εt
j
xt

Solving (41) for

xjt

(41)

pins down the contemporaneous value of the jumpers as a function of

the pre-determined variables under

s-innite

expectations:

−1
xjt = −(Pjj,s )−1 {Pjp,s xpt−1 + [(Ij − Λ−1
− Ij ]Pj,s B(s) + Λ−1
j,s )
j,s Pj,s C(s)εt }

(42)

Equation (42) can be recast as:

xjt = Vs xpt−1 + Zs + Ws εt

(43)

Vs ≡ −(Pjj,s )−1 Pjp,s

(44)

−1
Zs ≡ −(Pjj,s )−1 [(Ij − Λ−1
− Ij ]Pj,s B(s)
j,s )

(45)

Ws ≡ −(Pjj,s )−1 Λ−1
j,s Pj,s C(s)

(46)

where

Equations (43)-(46) are the solution for the jumpers under

s-innite

expectations. This

solution is identical to the single-regime solution. It also pins down the expectation as of

t

of future value of jumpers:

34

Et [xjt+k |~s] = Vs Et [xpt+k−1 |~s] + Zs + Ws Et [εt+k ]

for

k>0

(47)

These results will be used in the next steps.

A.2 Pre-determined variables
Let the forward-looking variables at time

t

be

xjt ≡ Vt xpt−1 + Zt + Wt εt

for some values of matrices

Vt , Zt

and

Wt .

Then, taking the

(48)

p upper rows of the DSGE in

the format of equation (4) and replacing the forward-looking variables with the solution
(48), the following holds:

xpt = App (st )xpt−1 + Apj (st )[Vt xpt−1 + Zt + Wt εt ] + Bp (st ) + Cp (st )εt
⇒ xpt = [App (st ) + Apj (st )Vt ]xpt−1 + Apj (st )Zt + Bp (st ) + [Apj (st )Wt + Cp (st )]εt

(49)

(50)

⇒ xpt = Mt xpt−1 + Qt + St εt

(51)

Mt ≡ App (st ) + Apj (st )Vt

(52)

Qt ≡ Apj (st )Zt + Bp (st )

(53)

St ≡ Apj (st )Wt + Cp (st )

(54)

where

These formulas show that the motion of pre-determined variables during

p
previous expectations (embedded in xt−1 ), the current regime
present and future regimes (embedded in

If at
matrices

t the realization of st is
Vt , Zt and Wt are given

Vt , Zt

and

st

t

depends on

and current beliefs about

Wt ).

such that agents have

s-innite

expectations, then

by formulas (44)-(46) and the solution for current

period is complete. We proceed now to solve for the forward-looking variables in nodes
with nite expectations.
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A.3 Forward-looking variables at nite expectations
In history nodes with nite expectations at time

t,

agents expect that the regime will

switch eventually. Then, we can nd the solution for

Vt , Zt

and

Wt

of equation (48) as

functions of expected matrices of the signal equation in the next period

t + 1.

Let

∗
Et [Vt+1 ] ≡ Vt+1

for some specic value

∗
Vt+1

(55)

∗
Et [Zt+1 ] ≡ Zt+1

for some specic value

∗
Zt+1

(56)

∗
Et [Wt+1 ] ≡ Wt+1

for some specic value

∗
Wt+1

(57)

∗
∗
∗
⇒ Et [xjt+1 ] = Vt+1
xpt + Zt+1
+ Wt+1
Et [εt+1 ]

(58)

Because of Assumption (2) (Deterministic Expectations), it is also true that

Et [st+1 ] = s∗t+1

Plug (58) in the lower

j

for some specic value

s∗t+1 ∈ R

(59)

rows of the DSGE (equation 31) (suppress the * superscript to

unclutter the notation):

"
Pj,t

#
#
"
xpt
xpt−1
+ Pj,t B(st ) + Pj,t C(st )εt
= Λj,t Pj,t
xjt
Vt+1 xpt + Zt+1 + Wt+1 Et [εt+1 ]

(60)

⇒ xjt = −(Pjj,t )−1 Pjp,t xpt−1 +
p
(Pjj,t )−1 Λ−1
j,t {(Pjp,t + Pjj,t Vt+1 )xt + Pjj,t Zt+1 − Pj,t B(st )

+ Pjj,t Wt+1 Et [εt+1 ] − Pj,t C(st )εt }
Plug

xpt

(61)

of equation (50) in (61):

⇒ xjt = −(Pjj,t )−1 Pjp,t xpt−1 + (Pjj,t )−1 Λ−1
j,t
n
(Pjp,t + Pjj,t Vt+1 )

[App (st ) + Apj (st )Vt ]xpt−1 + Apj (st )Zt + Bp (st ) + [Apj (st )Wt + Cp (st )]εt
+ Pjj,t Zt+1 − Pj,t B(st ) + Pjj,t Wt+1 Et [εt+1 ] − Pj,t C(st )εt
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o

(62)

⇒ xjt =

−1
− (Pjj,t )−1 Pjp,t + (Pjj,t )−1 Λj,t
(Pjp,t + Pjj,t Vt+1 )[App (st ) + Apj (st )Vt ] xpt−1 +

(Pjj,t )−1 Λ−1
j,t (Pjp,t +Pjj,t Vt+1 )[Apj (st )Zt +Bp (st )]+Pjj,t Zt+1 −Pj,t B(st )+Pjj,t Wt+1 Et [εt+1 ] +

(Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )[Apj (st )Wt + Cp (st )] − Pj,t C(st ) εt (63)

Comparing equation (63) with (48), we nd
For

Vt , Zt

and

Wt

and can solve for each of them.

Vt :
⇒ Vt = −(Pjj,t )−1 Pjp,t + (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )[App (st ) + Apj (st )Vt ]

(64)

⇒ Vt = −(Pjj,t )−1 Pjp,t + (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )App (st )
+ (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )Vt

(65)

−1
⇒ Vt = [Ij − (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )]

[−(Pjj,t )−1 Pjp,t + (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )App (st )]

For

(66)

Zt :

⇒ Zt =

(Pjj,t )−1 Λ−1
j,t (Pjp,t +Pjj,t Vt+1 )[Apj (st )Zt +Bp (st )]+Pjj,t Zt+1 −Pj,t B(st )+Pjj,t Wt+1 Et [εt+1 ]
(67)

⇒ Zt = (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )Zt
+ (Pjj,t )−1 Λ−1
j,t {(Pjp,t + Pjj,t Vt+1 )Bp (st ) + Pjj,t Zt+1 − Pj,t B(st ) + Pjj,t Wt+1 Et [εt+1 ]}
(68)

−1
⇒ Zt = [Ij − (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )]

(Pjj,t )−1 Λ−1
j,t {(Pjp,t + Pjj,t Vt+1 )Bp (st ) + Pjj,t Zt+1 − Pj,t B(st ) + Pjj,t Wt+1 Et [εt+1 ]}

For

(69)

Wt

⇒ Wt = (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )[Apj (st )Wt + Cp (st )] − Pj,t C(st )
37

(70)

⇒ Wt = (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )Wt
+ (Pjj,t )−1 Λ−1
j,t [(Pjp,t + Pjj,t Vt+1 )Cp (st ) − Pj,t C(st )]

(71)

−1
⇒ Wt = [Ij − (Pjj,t )−1 Λ−1
j,t (Pjp,t + Pjj,t Vt+1 )Apj (st )]

(Pjj,t )−1 Λ−1
j,t [(Pjp,t + Pjj,t Vt+1 )Cp (st ) − Pj,t C(st )]

(72)

Formulas in equations (43)-(46), (51)-(54), (66),(69) and (72) dene the full solution

S(<, Υ)

of any

RegGae,

if a solution exists. Existence of a solution for all histories

depends on the expectation formation protocol

<.

=t

In particular, note that to obtain the

formulas, the Blanchard-Kahn rank condition were necessary only at

s-innite

histories.

=t the expectation protocol yields s-innite expectations at
t + k (k ∈ N), then the Blanchard-Kahn conditions of the s-innite

Therefore, if for all histories
some future time

regimes are sucient to ensure node-wise existence and uniqueness (Theorem 1). Otherwise, if the expectation protocol yields eternal switches for some history

=t

then, node-

wise existence and stability require other conditions. In the next Appendix, we apply the
formulas to nd the specic solution for the example in the text.
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B Solution of the toy example
Let

s=0

denote the normal regime and

s=1

denote the nancial crisis regime. The

protocol is such that the normal regime is 0-innite. If one crisis does happen, agents
expect it to last for one period followed by

0-innite

(normal) regime.

Therefore, by

Proposition 1, the BK conditions holding in the normal regime are sucient for existence
and uniqueness. The probability function

p(·)

is such that crises last exactly one period

although a new crisis may start immediately after the pr evious. Given this protocol and
this regime probability function, there are two history node types

ι:

normal periods and

crisis periods. We proceed to nd the solution for each of these period types.

B.1 Normal periods
At this period type, agents have

0-innite

expectations of normality. Formulas in equa-

tions (43)-(46) can be applied to nd the forward-looking variables:

xjt = V0 xpt−1 + Z0 + W0 εt

(73)

V0 ≡ −(Pjj,0 )−1 Pjp,0

(74)

−1
Z0 ≡ −(Pjj,0 )−1 [(Ij − Λ−1
− Ij ]Pj,0 B(0)
j,0 )

(75)

W0 ≡ −(Pjj,0 )−1 Λ−1
j,0 Pj,0 C(0)

(76)

where

According to formulas (50)-(54), the pre-determined variables move according to:

xpt = M0 xpt−1 + Q0 + S0 εt

(77)

M0 ≡ App (0) + Apj (0)V0

(78)

Q0 ≡ Apj (0)Z0 + Bp (0)

(79)

S0 ≡ Apj (0)W0 + Cp (0)

(80)

where

B.2 Crisis periods
The crisis period type is not innite (as agents expect a switch back to normality). To
nd forward-looking variables we proceed backwards by chaining future matrices
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V0 , Z0

and

W0

Z10 ,

and

into the formulas (66),(69) and (72) to nd the current matrices, denoted

W10 .

It is assumed that

εt

is zero-mean i.i.d. Therefore,

allows us to simplify the expression for

Et [εt+1 ] = 0,

V10 ,

which

Z10 :

−1
V10 = [Ij − (Pjj,1 )−1 Λ−1
j,1 (Pjp,1 + Pjj,1 V0 )Apj (1)]

[−(Pjj,1 )−1 Pjp,1 + (Pjj,1 )−1 Λ−1
j,1 (Pjp,1 + Pjj,1 V0 )App (1)]

(81)

−1
Z10 = [Ij − (Pjj,1 )−1 Λ−1
j,1 (Pjp,1 + Pjj,1 V0 )Apj (1)]

(Pjj,1 )−1 Λ−1
j,1 [(Pjp,1 + Pjj,1 V0 )Bp (1) + Pjj,1 Z0 − Pj,1 B(1)]

(82)

−1
W10 = [Ij − (Pjj,1 )−1 Λ−1
j,1 (Pjp,1 + Pjj,1 V0 )Apj (1)]

(Pjj,1 )−1 Λ−1
j,1 [(Pjp,1 + Pjj,1 V0 )Cp (1) − Pj,1 C(1)]

(83)

Then, the motion of pre-determined variables evolve according to

xpt = M10 xpt−1 + Q10 + S10 εt

(84)

M10 ≡ App (1) + Apj (1)V10

(85)

Q10 ≡ Apj (1)Z10 + Bp (1)

(86)

S10 ≡ Apj (1)W10 + Cp (1)

(87)

where
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C Assessing the quality of the regime-wise linear
solution of RegGae
In this section, we assess the regime-wise linear solution of

RegGae

is suciently close

to the exact (non-linear) solution. The example used was taken and adapted from the
worked-out example of section 4.3 of Fernandez-Villaverde et al. (2016). The time indices
were adapted to the end-of-period convention used in this article.

Let a regime switching model under

RegGae
∞
X

be:

β t ln ct

(88)

α
ct + kt = ezt st kt−1

(89)

max E0

{ct ,kt }

zt = ρzt−1 + σεt

t=1

where

|ρ| < 1

and

εt ∼ N (0, 1)

(90)

st = {shigh slow }

(91)

<(=t , Xt−1 , εt ) = {shigh , shigh , ...} ∀ =t

(92)

p(low|=t−1 ) =

eζ0 +ζ1 (kt−1 −k̄)
1 + eζ0 +ζ1 (kt−1 −k̄)

(93)

The rst order conditions are taken regime-wise under the assumption that agents are
in constant-parameter worlds. The following equations constitute the non-linear system

g(·):
1
αezt st ktα−1
= βEt
ct
ct+1

(94)

α
ct + kt = ezt st kt−1

(95)

zt = ρzt−1 + σεt

(96)

Regime-wise linearization (rst order perturbation)
We are looking for decision rules for consumption and capital:

ct = c(kt−1 , zt )
kt = k(kt−1 , zt )
Substitute the decision rules into (94) and (95) to obtain:

1
c(kt−1 , zt )

= βEt

αezt st k(kt−1 , zt )α−1
c(k(kt−1 , zt ), zt+1 )
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(97)

α
c(kt−1 , zt ) + k(kt−1 , zt ) = ezt st kt−1
What follows is an adaptation almost literal from Fernandez-Villaverde et al.

(98)
(2016).

The decisions rules are approximated by perturbation solutions on the state variable
plus the perturbation parameter

η

introduced as

kt

ηzt :

ct = c(kt−1 ; η)
kt = k(kt−1 ; η)
If

η=0

we can nd the regime-specic deterministic steady-state by solving:

1
αsk α−1
=β
c
c

(99)

c + k = sk α

(100)

which are
1

k̄(s) = (αβs) 1−α
α

(101)
1

c̄(s) = s(αβs) 1−α − (αβs) 1−α

(102)

Taking a rst order expansion regime-wise around the steady-state yields the equivalent
of equation (2) for this model:



  


0
kt−1
k̄(st )
kt


  



A1 (st )  zt  = A2 (st ) zt−1  + [A1 (st ) − A2 (st )]  0  +  0  εt
σ
ct
c̄(st )
Et [ct+1 ]


where matrices

(103)

A1 (st ) and A2 (st ) contain the Jacobian of the system formed by equations

(96)-(98). We calibrate the DSGE as in the original textbook:

β = 0.99
ρ = 0.95
σ = 0.01
α = 0.33
shigh = 1

and

slow = 0.95

From the regime-specic steady states, we can see that, under the low regime, both capital
stock and consumption are below the high regime:

c̄(shigh ) = 0.388069
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k̄(shigh ) = 0.188299
c̄(slow ) = 0.359468
k̄(slow ) = 0.174422

Linear solution under

RegGae

In this section we apply the formulas in Propositions 1 and 2. When

st = shigh

and agents

expect it to continue on forever, the linear solution is:

  


 

#
kt
0.3300 0.1876 "
0.1262
0.0020
  
 kt−1

 

+  0  + 0.0100 εt
0.9500
zt  =  0
zt−1
ct
0.6801 0.3599
0.2600
0.0038
st = slow
during t is:

When

and agents expect

shigh -innity

(104)

to resume next period, the law of motion

  


 

#
kt
0.3300 0.1656 "
0.1106
0.0005
  
 kt−1

 

+  0  + 0.0100 εt
0.9500
zt  =  0
zt−1
ct
0.6801 0.3416
0.2471
0.0048

(105)

Exact (non-linear) solution
When

st = shigh

and agents expect it to continue forever, it is a known result that

consumption and capital are a constant share of output:

When

st = slow

α
kt ≡ k(kt−1 , zt−1 , εt , shigh ) = αβeρzt−1 +σεt kt−1

(106)

α
ct ≡ c(kt−1 , zt−1 , εt , shigh ) = (1 − αβ)eρzt−1 +σεt kt−1

(107)

and agents expect the high regime to resume next period and continue

forever, plug the solution expected next period (107) and budget constraint in the low
state (108) in current period's Euler equation (94) and solve for

kt :

α
ct + kt = ezt 0.95kt−1

(108)

αezt 0.95ktα−1
1
= βEt
α
ezt 0.95kt−1
− kt
(1 − αβ)ezt+1 ktα

(109)

⇒

1
αezt 0.95ktα−1
=
β
α
σ2
ezt 0.95kt−1
− kt
(1 − αβ)eρzt + 2 ktα
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(110)

Figure 9: RegGae solution: capital

where we used the expectation of the log-normal distribution in the RHS denominator.
σ2

α
⇒ (1 − αβ)eρzt + 2 ktα = βαezt 0.95ktα−1 (ezt 0.95kt−1
− kt )

⇒ [(1 − αβ)eρzt +

σ2
2

⇒ kt =

α
+ βαezt 0.95]ktα = βαe2zt 0.952 ktα−1 kt−1
α
βαe2zt 0.952 kt−1

(1 − αβ)eρzt +

σ2
2

(111)

(112)

(113)

+ βαezt 0.95

kt ≡ k(kt−1 , zt−1 , εt , slow ) and, by the resource constraint,
ct ≡ c(kt−1 , zt−1 , εt , slow ). Figures 9 and 10 depict the graphical representation of the
linear and exact solutions for the model when st = slow where we can see that RegGae's
which denes

regime-wise linear solution is suciently close to the exact (non-linear) solution even for
values distant from the (regime-specic) steady-states.
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Figure 10: RegGae solution: consumption
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