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RESUMO

Este artigo desenvolve um modelo de equilibrio geral Markoviano estacionario com agentes
heterogéneos, mercados completos e auséncia total de fricgdes ou imperfei¢des, mas ainda assim capaz
de gerar dinamicamente ciclos econémicos agregados de forma endoégena. Em contraste com a liter-
atura prévia, que depende de imperfeicdes de mercado (como custos de ajuste, restri¢oes financeiras
ou fric¢des informacionais) para explicar flutuagdes macroeconémicas, mostramos que comportamentos
ciclicos podem surgir em economias plenamente eficientes.

O mecanismo decorre da interagdo enddgena, mediada por pregos, entre capital, consumo e
fluxos de transagoes de ativos entre agentes com preferéncias e dotagdes diversas. Esses fluxos induzem
movimentos persistentes de precos relativos que retroagem sobre as alocagdes agregadas, amplificando
expansoes ¢ contragdes coordenadas sem qualquer desvio da eficiéncia de Pareto.

Concluimos que politicas de estabilizagdo pro-ciclicas ou anticiclicas, nesse tipo de ambiente,
podem ndo apenas ser ineficazes, mas potencialmente reduzir o bem-estar, ao interferirem em alocagdes

eficientes e ao risco de agravarem a divida publica por meio de interveng¢des desnecessarias.

Palavras-Chave: Economia multissetorial; Equilibrio recursivo; Modelos de crescimento; Espago de

estado minimo; Ciclos Economicos Reais.

ABSTRACT

This paper develops a stationary Markov general equilibrium model with heterogeneous agents,
complete markets, and no frictions or imperfections, yet capable of generating aggregate business cycle
dynamics endogenously. In contrast to prior literature that relies on market imperfections such as adjust-
ment costs, financial constraints, or informational frictions to explain macroeconomic fluctuations, we
show that cyclical behavior can emerge in fully efficient economies. The mechanism stems from the en-
dogenous, price-mediated interaction of capital, consumption, and asset transaction flows across agents
with diverse preferences and endowments. These flows induce persistent relative price movements that
feed back into aggregate allocations, amplifying coordinated expansions and contractions without any
deviation from Pareto efficiency. We conclude that pro-cyclical or counter-cyclical stabilization poli-
cies in such settings may not only be ineffective, but potentially welfare-reducing, as they interfere with

efficient allocations and risk exacerbating public debt through unnecessary interventions.

Keywords Multi-sector economy, recursive equilibrium, growth models, minimal state space, Real Busi-

ness Cycles.

JEL Code: C61 C62 C68 D50 D52 D58
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1 Introduction

The dominant paradigm in modern business cycle theory explains aggregate fluctuations through dy-
namic general equilibrium models augmented by frictions or imperfections. These include time-to-build
lags (Kydland and Prescott, 1982), sectoral technology shocks (Long and Plosser, 1983), incomplete
markets (Backus et al., 1992), noisy measurements (Bomfim, 2001), price rigidity (Basu, 1995), con-
strained technology and network asymmetries (Acemoglu et al., 2012) or financial frictions (Oh and
Yoon, 2020). While successful in reconciling model behavior with empirical volatility and persistence,
these approaches invariably depend on the presence of some distortion to generate cyclical dynamics.

The time-to-build model of Kydland and Prescott (1982) demonstrates that aggregate fluctuations
can arise in a frictionless neoclassical growth model once one introduces a multi-period construction
process for capital goods. The assumption that productive capital becomes operational only after several
periods creates internal propagation through delayed responses of investment and output to productivity
shocks. While the allocation remains efficient, the friction lies in the temporal rigidity of capital for-
mation. Similarly, Long and Plosser (1983) show that sector-specific technology shocks in an otherwise
standard equilibrium model can generate correlated output movements across sectors, despite the absence
of nominal frictions. However, their mechanism relies heavily on the structure of production linkages and
the assumption that productivity shocks are uncorrelated but sufficiently persistent to induce aggregate
effects.

A benchmark analysis of global market imperfections is presented in Backus et al. (1992), who
construct a two-country real business cycle model with complete international financial markets. De-
spite allowing full risk-sharing across countries, the model produces counterfactually high consumption
correlations relative to output correlations—known as the Backus-Kehoe-Kydland puzzle. This empir-
ical failure highlights the implausibility of complete markets in international settings and suggests the
existence of frictions such as limited enforceability or asset incompleteness. Their findings laid the foun-
dation for subsequent work introducing endogenous incomplete markets to better reconcile theory with
cross-country co-movement patterns.

An alternative channel of imperfection is explored in Bomfim (2001), who analyzes the macroe-
conomic consequences of noisy measurement in observed economic indicators. In his model, agents
make optimal decisions based on imperfect signals about the underlying fundamentals, leading to aggre-
gate fluctuations driven not by true shocks but by informational noise. This friction does not arise from
distortions in preferences or constraints but from the inability of agents to observe the true state of the
economy. The result is a misallocation of resources and a decoupling of real activity from fundamentals,
generating a mechanism for real business cycle fluctuations rooted in signal extraction errors.

Acemoglu et al. (2012) propose a model where idiosyncratic firm-level shocks can lead to signifi-
cant aggregate fluctuations due to input-output linkages in production networks. Contrary to the standard
RBC assumption that such shocks cancel out, they show that network asymmetries—especially the pres-
ence of highly central firms—can amplify disturbances throughout the economy. A key feature of the
model is that all inputs are used in fixed proportions, imposing a Leontief-type constraint on produc-
tion and reinforcing the propagation mechanism. This framework offers a complementary explanation to

traditional RBC models by emphasizing how network structure alone can generate aggregate volatility.
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Financial and implementation frictions have also been explored as cycle generating mechanisms.
Hairault et al. (1997) propose a framework with lags between innovation and the effective implementa-
tion of new capital, coupled with frictions in the labor market. Anticipated productivity changes influence
current employment and investment decisions, but the delay in capital accumulation amplifies cyclical
behavior. Oh and Yoon (2020) focus on the housing sector and embed real-options reasoning into a
dynamic general equilibrium setting with credit constraints. The presence of financing frictions makes
residential investment sensitive to future uncertainty, inducing agents to delay irreversible capital deci-
sions. These frictions result in endogenous amplification and persistence of business cycles that deviate
from the efficient benchmark.

In this paper, we propose an alternative theoretical route. We construct a stationary, recursive
Markov general equilibrium model with global heterogeneity, complete markets, and no market imper-
fections. All allocations are Pareto efficient, and the environment features full insurance through state-
contingent asset markets. Despite the absence of nominal rigidities, adjustment frictions, or information
asymmetries, the model generates endogenous business cycles. The mechanism operates through per-
sistent cross-sectional flows of capital, consumption, and financial claims among agents with distinct
marginal propensities and state-contingent valuations. These intertemporal flows generate non-trivial
dynamics in equilibrium prices—particularly asset prices and capital rental rates—which in turn reshape
aggregate allocations persistently over time.

Our theoretical foundation builds on the insights of Duffie et al. (1994), who demonstrate the exis-
tence of non-degenerate stationary Markov equilibria in economies with heterogeneous agents and com-
plete markets. We extend this framework based on Raad and Wozny (2019) and Raad et al. (2025) to show
that such equilibria can give rise to recurrent aggregate fluctuations, even when the state space and agent
fundamentals are stationary. These results highlight a fundamental source of business cycle dynamics that
stems not from imperfections or policy shocks, but from the intrinsic structure of heterogeneous-agent
interaction within an efficient allocation. Importantly, this has profound implications for macroeconomic
policy: if business cycles are the natural result of efficient decentralized coordination, then stabilization
interventions—whether counter-cyclical or pro-cyclical—may lead to large welfare losses and unneces-

sary fiscal burdens.

2 Model

In this paper, we adopt the notation introduced in Mas-Colell et al. (1995) and define the real vector space
R™ for each n € N endowed with the max norm topology' | - |. Moreover, assume that each space of
continuous functions is endowed with the sup norm. Let there be a finite set of agent types, denoted by
I={1,---,i},andafinite setof firms J = {1, - - ,j}, partitioned into three sectors: capital production,
capital rental, and consumption. These sectors are indexed by the sets Ji, Jx, and J., with respective
cardinality defined by the vector (jy,j,,j.)-

In the capital production sector, assume that capital is produced at the beginning of each period
using two primary inputs: a raw material, with quantity denoted by m? € M7 := R, , and high-skilled

'That is, || = max{|z1],--- , |za|}.
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labor, with quantity denoted by I/ € L/ := R,. It is assumed that production plants do not allow for
capital storage. The quantity of capital produced is denoted by k/ € K7 C R, with K7 convex for each
J € Ji, and it becomes available at the end of the production period.

In the consumption sector, a final consumption good is produced using capital input rented from
the previous period, denoted by 7 € K7, and low-skilled labor, denoted by #/ € L7 C R,.

In the capital rental sector, firms are assumed to be endowed with physical capital (Hillebrand,
2012) and begin each period with an initial stock of capital available for rental, &/ € K7. These firms
engage in trading or “producing” rental contracts, where the contract value is measured in capital units’
and denoted by x/ € K. Furthermore, at the end of each period, firms choose the total capital input k7 €
K to be employed in the following period. Let ~y be the fraction of capital remaining after depreciation
for each firm j € J,;. Then, 1 — ~v denotes the proportion of capital that depreciates from the previously
rented stock k7 forall K/ € K. Accordingly, the capital input for the next period, k/ € K7, comprises the
residual capital v/ and the net adjustment k7 —yx7, which may be non-negative (additional acquisitions)
or non-positive (sales). The rented capital thus constitutes a contractual output linking the two capital
sectors and represents the quantity of capital allocated in the previous period and made available for rental.
In equilibrium, we will demonstrate that the total amount of capital used as an input in the consumption
sector equals the total capital rented out in the previous period.

For simplicity, we assume that each consumer’s choice set includes® quantities of capital rental,
labor, raw material, numéraire, consumption good, and physical capital. Accordingly, we denote by
Ct C Rl the full consumption set and assume that it is a closed box, with a typical element expressed as
= (K4, 0515, mé 0t ¢t k') € C for each consumer i € I. Similarly, the closed box production set of
each firm* is written as C7 C R, with a typical element ¢/ = (k7,¢7,19, m7, 07, ¢7, k7) for each j € J.

Consumers indirectly own shares in each firm through their endowments of linked assets, such
as equities. There are j equities, with quantities® represented by the portfolio € € E* C Ri, which
are exclusively traded by consumers. For each agent i, a typical portfolio choice is written as € =
(€], €y, -+ ,eji), where €' € E'. The equities are in unitary net supply, that is, >, ;¢! =1 € R,

The set of equity prices is denoted® by @ C Ri, with a typical element represented as a row
matrix’ ¢ = [q1,q2, - , gj]. Note that in the capital production and consumption sectors, the equity price
corresponds to the total firm value, whereas in the capital rental sector, it reflects the value of a single
unit of capital. Let p = [ps, Pe, D1 Pm, Pys Ds, D] be the row vector of unitary prices for intermediate
and final goods®. Define P C RZ_ . as the set of such price vectors p, representing prices for capital
rental, labor, raw material, numeraire, consumption goods, and capital, respectively. Denote this set as
the product space P = P, x Py x P x Py, x P, x P; x Pj,. Additionally, we normalize the numéraire
price to one, i.e., p, = 1. Forall i € I, define X" = C* x E" and recall that the set of firms’ choices is

2We will see that at the optimal choice 7 = kZ.

3We assume that intermediary goods do not generate utility for the consumer.

4 Assume that firms do not produce the numéraire good.

3 Each equity also distributes profits according to a pro-rata rule.

¢ Since we consider the case of zero profits at the steady-state equilibrium, equities may exhibit negative prices outside of
the steady state.

7 We denote a row matrix by [- - - ] and a column matrix by (- - - ).

8That is, the non-saving goods.
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given by C7 for all j € J. A typical element of X* is expressed as a column matrix z° = (¢, €).
Exogenous uncertainty is captured by a finite set Z and a Markov transition function p : Z —
Prob(Z). Physical capital is interpreted as a real asset that enables intertemporal wealth transfers. Define
the set of asset allocations as A = K7+ x E, where K+ =[] jes. K J with a typical element denoted
by a- = (k-,&), where & = [é!,--- €] and k- = [kl,--- ,l?-’“], representing the previous period’s
asset distribution. Define the state space as S = A x Z° with a typical element written as s = (a., z)
and denote by P the set of all continuous functions p:S — P. Let C be the space of all continuous
functions ¢ : § — C, representing the transition of optimal consumption choices, and let A be the space
of all continuous functions @ : S — A, representing the evolution of asset allocations.'” Finally, define

the set of price and profit transition functions as I' = P x @\ X @\

Notation 2.1. We denote a row matrix as [ - - -] and a column matrix as (- - - ). Define the symbol without
upper index as the Cartesian product over all agents for any allocation variable. For instance, write
C = [1,eus C* with a typical element as a row matrix ¢ = [c*],c7us. Moreover, when it is necessary to
specify the cartesian product we write the index set in the upper index. For instance, write C' = [ [, C.
The remaining variables have an analogous interpretation. Define analogously the symbol without upper
index for functions. Given {v,'} C RN and M C N, write v"* = dopemvtand vy =50 vguy
We state that v > v/ when v, > v/}, for all v € N. Given a random vector 2 : Z — R" define

e[2(-)]z] = Y 2(z)u(z,2) forall z € Z.

ez
We denote by 0 as the column vector (0,0,---,0) € R" or a null function. Write tr : R" — R" as
the transpose function, that is, tr([yi,--- ,yn]) = (¥1,--- ,yn). Finally, denote generically by 2, =
(0,---,1,---,0) € R" as the unitary variation on the coordinate 7 around some point in z € R".

2.1 Firms

Heterogeneous firms produce the consumption and capital goods in two sectors. Each sector has a large
number of firms. Technology in each sector j € .J is represented as the transformation function f7 :
CV x Z — R2 with f = (fZ, f]) forall j € J. Therefore, for each j € .J the correspondence of
transformation constraint b’ : K7 x Z = C7 is defined for each j € J by

(e CI: fl(dd,2) > ki}ifj € J,
V(ki,z) =< {d € CI:fi(cd,2) >}ifj e J.
{deCi:w <Ki}ifje e
Assume that the numéraire is a type of transaction technology provided by a central authority and

hence it is not produced in the markets. Furthermore, suppose to simplify that primary inputs are not

produced.

°This set contains the minimal state space. We exhibit the minimal state space further ahead.
1% Note that we use the symbol “™ to denote the space of functions from S to the specified set or an operator in this space.
Moreover, we use the symbol “” to denote functions defined outside the state space S.
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Recall that, in the capital sector, firms employ (I/,m/) € L7 x M7 as inputs and exclusively
produce the amount k7 of capital and hence fgj = 0 for 5 € Ji. Under this condition we then define
current net profits'! 7/ : C7 x P — R of any allocation ¢/ € Bj(k‘f, z) for a price p € P as

7 (c?,p) = ppk? — pl? — p,,m? forall (¢, p) € C7 x P. (1)

Analogously, in consumption sector firms only employ (x7, /) € K7 x L/ as inputs and exclu-
sively produce the amount ¢/ of consumption goods and hence we have fg = 0 forall j € J.. Thus
define 7/ : C7 x P — R as

7, p) = pcgj —p.K! — pl? forall (¢/,p) € C7 x P. )

The capital rental sector solely engages in the transaction of capital goods and rental contracts,
with no technological constraints on contract issuance. Therefore, we consider f/ = 0 for all j € J,.
If K/ < kJ represents the amount of capital available to rent at the beginning of each period then firms
obtain px/ > 0 as revenue at the end of each period. Moreover, it trades the variation!? k7 —yx/ € R of
capital at the end of each period. Indeed, the remaining capital free from depreciation, combined with the
traded capital at the end of each period, is limited by the total available capital for that period. Therefore,
current profits 7/ : CJ x P — R as are given by

7, p) = puk? — pp(k? —yw?) forall (¢7,p) € C7 x P 3)

Suppose that firms managers in capital rental sector have a type of “volatility” aversion such as the
mean-variance preferences, or similarities. More specifically, we assume that the volatility expectation
function 7 : K7 x S x P x A — R represents this behavior for j € J,.. Define @/ : C/ x Sx Px A — R
as

@ (I, s,p,a) =7 (I, p(s)) — (K, s,p,a) forall (7, s,p,a) € CY x § x P x A

Given a transition price p € /ﬁ, and a continuous function %/ : K7 x S — R representing future
utility conditional on savings we define firms’ optimal production and profits are given for each p € P
and each j € J by'?

gk, 5,07, p,a) = argmax{@/ (7, s, p,a) + Belt’ (k7,a(s), -)|2] : I € ¥/ (kI 2)}.
Note that 7/ (p, s) = 0 for all j € J.

2.2 Agents’ features

Consider a model with one good and agents with instantaneous utility function u’ : C* — R concave and

increasing. Assume agents have the same discount rate, that is 3° = /3 for all i € I and their preferences

"'Or dividends.
1ZRecall that capital rental firms use physical capital as an input and suppose storage is not available.
BRecall that ¢ = (7, 07,19,m? n?,¢7, k7) forall ¢/ € C7.

10
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embodies a type of “volatility” aversion such as the mean-variance preferences, or similarities. More
specifically, we assume that the volatility expectation function 7% : E* x S x " x A R, represents
this behavior.

Define the consumption-asset utility function @’ : X? x § x I' x A R, as

@2t s,7,a) = u' () — (e, 5,7, a) forall (¢, 7,a,s) € C'x S x T x A.

Allocations of consumption, labor (or leisure) and primary capital endowments are given by the

random vector &' : 7 — Rl written as the column vector

e'(2) = (EL(2),€i(2),El(2), €l (2), ¢ (2),éL(2),é4(2)) forall (i,2) € I x Z.

K » Em A\~ /s En S

Define é(z) = [éi(z) : i € I] € RZFXi and recall that p = [p,, pe, i, D Py, D, Pi). We consider as
a convention that agents have null capital endowments, that is, ¢Z. = 0 and éfC = 0O foralli € I. The
consumers budget correspondence

b B x SxT = X

is given for each ¢ € I by
bi(el,s,7) = {a' € X*: p(s)c + 4(s)€l < (4(s) + 7(s))el + p(s)é'(2)} 4)

forall (¢%,s,7) € E* x S x I. Given a continuous function ?* : E* x S — R representing future utility

conditional on savings then agent ¢ solves the problem
Eu(el,5,0',7,0) = argmax{a@’(«", 5,7,a) + fe[0'(€',a(s), - )|2] : ' € V(€L 5,7)}

for each ¢ € I and each given price transition 7 € I". This construction will be detailed in Section 4.4.

3 Recursive Equilibrium

Define X' as the set of all continuous functions #* : E' x S — X*, V' as the set of all continuous
functions ¢¢ : E* x S — R and V" as the set of all continuous functions ¢¢ : S — R foralli € I.
Moreover, write V7 as the set of all continuous functions o/ : K7 x S — R and CV as the set of all

continuous functions & : K7 x S — CV forall j € .J. Define V7 analogously.

Definition 3.1. Define for production sectors, the map ézj) :VIixPxA—Vias
(W, p,a) (K, ) = max{@ (¢, s,p,a) + Be[t? (K, a(s), -)|z] : & € ¥ (kI 2)} Q)
for all (kZ,s) € K7 x S. Moreover, define the map & Vix PxA— CIfor each j € J as
ég(ﬁj,ﬁ, a)(s) = fg(l?:f,s,ﬁj,ﬁ, a) forall s € S.
Define on consumption sector for each ¢ € I the map 5}, :Vix T x A— Vi foreach s = (a.,z)

11
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with a_ = (k_,€.) as

& (0, 7,a) (e, 5) = max {@' (2, 5,7, 4) + Be[t' (¢ als), - )|2] : ' € V(e a,9)
and the map £° : VixTx A— X' as
E (0, 1,a)(s) = E(e, 5,7, 7,a) forall s € S.

The definition of recursive equilibrium then follows. First, note that we defined all inputs and
outputs with positive amounts. Therefore, to concisely express the market clearing equations, we need

to assign negative values to inputs and positive values to outputs. To address this, we introduce a signal

~

functions 6, : R” — R7, 63, : Rl — R7 and 6, : R” — R as following.

6(Y) = (Yr =Yt —Yis —Yms —Yy> —Ys, —yi) forall y € RT
61(Y) = (—Yus —Yts —Yis —Ym» —Yns —Ye, yx) forall y € RY,

U§(y) = (_ylﬁ —Yo, =Y, =Ym> —Yn» Ys, _yk‘) for all ye RZ,—

Definition 3.2. The transition vector (¢, €, 7,0) € C x T x V is a recursive equilibrium if it satisfies'*
foreachs = (a_,z) € S

1. o = € (3,7, a) foralli € I;

2. (¢, é) e EL(v,7,a) forall i € I;

3. 00 =&, 7,a) forall j € J;

4. ¢ € E(v9,7,a) forall j € J;

5. ¢"(s) = 64("7(s)) + k(*7(s)) + 65(%7(s)) + €7 (2);
6. e (s) = e

7. #7(s) = (& (s),p(s)) forall j € J.

Remark 3.1. Note that all inputs but leisure lead no benefits for consumers and hence optimal choices &
satisfy (&%, 1, l%l) = 0 for all ¢ € I. Therefore, the Market clearing given in Definition 3.2 Item 5 for

each s = (a_, 2) € S can be detailed'” as
1. 75 (s) = /%" (s) = k=7,
2. 07 (s) + 057 (s) = & (2);
3. 0"(s) + 1 (s) = el (2);

4. m*(s) = e (2);

"“Recall that 7 = (p, 4, 7).
15See Remark 4.1 also.

12
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5.k (s) = k' (s) + vk

6. & = §A'/§+(S) + é’;(z).

4 The explicit solution

In this section, we will outline all the parameters corresponding to the preferences and technologies de-
scribed in the recursive equilibrium. Lemma 6.1 in the appendix establishes that explicit boundary con-
ditions are unnecessary, since the first-order conditions governing the optimal allocation endogenously
determine boundary values that are themselves optimal.

4.1 Parameters of production sector

Suppose that firms types inside each sector differ in stochastic technical coefficients 6i . 7 — Ri

representing productivity for all j € J where

A~ - A

07(z) = (0.(2), éi(z), HAl](z),HAZn(z)) forallz € Z

and scale coefficients

o) = (ad,ad,afal) € RL, forall j € J, U J,.
Assumption 4.1. Assume that production sectors are independent, that is,'®

07 (z) =

02.(2),6%(2),0,0) forj € J.
( (Z) K(z) ) orJ N forall z € Z
0 (

(0,0,0,(2),0/(2)) forj € Jy

Capital and good sectors have a technology represented as the following production functions
f,g :CI x Z — Ry and fg : C9 x Z — R, defined respectively by

where ¢/ = (k7,07 17, m7, 1, ¢/, k7)) and (I, m?) € L x M7 is the amount of primary labor and capital
inputs employed on the capital sector and (x7,¢7) € K7 x L7 is the amount of capital and labor inputs
employed on the consumption goods sector. Note that fg and fgj and the Cobb-Douglas functions have

the same isoquants differing only by a linear scale.

Definition 4.1. Define the asset returns of unit portfolio!” 7, : PxS— R, as

P (P, 8) = YPk(5) + Pr(s) forall (p,s) € P x S

16 Assume to simplify there is no labor employment in capital rental sector.
0r asset payoffs.
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Write the second-order moment of 7, by 1 : PxS—Ras
Bx(p, ) = (Fs(p, 5))* forall (p,5) € P x S

We assume that for each firm in capital rental sector the volatility expectation function 77 is given
forall j € J,; by

(k) eltx(p, als), -)|2]
207

Pk, s, p,a) = forall (k7,s) € K7 x S. (6)

where 0,3; > 0.

4.2 Parameters of consumption sector

Suppose agents with instantaneous utility function u* : C* — R defined for each i € I an each ¢! € C"*
by
u'(c") = n' + 0;log(1 + 1" /o) + 0 log(1 + £' /) + 0% 1log(1 + " /al).

where §° = (6}, 67, 60") € R3 with the scale coefficients
o' = (ap,aj,al) € RS, foralli€ I.
Write the non-numéraire component u, : L x L' x Ry — Ry of u’ as
ub (0,1,¢") = 6f log(1 41" /a}) + 0} log(1 + €' /o) + 6 log(1 + " /al).
Definition 4.2. Define the asset returns of unit portfolio'® 7. : T' x .S — R as
Te(T,8) = ¢(s) + w(s) forall (7,s) e I' x S.
Write the second-order moment matrix of 7 by . : I' x S — Ri* as
te(7,8) = tr(7e(T, 8))7e(7, s) forall (r,s) e ' x S
Moreover, for each agent i € I the volatility expectation function is given for each (¢, s) € E' x S
by

tr(e?) efte(T, a(s), - )|2]€
201

€

v, s, T,a) =

(7

where 6% > 0.

4.3 Firms’ optimal choices

The following proposition exhibits firms optimal choices.

180r asset payoffs.
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Proposition 4.1. Consider the following transition functions & : S x P — ¢ for j € Jy U J. and
FiKIixSxPxA— C7 for j € J, defined for each (s,p,a) € S x P x A by the following

1. Forj € J define (&1, 07,1,¢7) = 0. Moreover;

0l (2)pi(s)

P(s,p) = 12 -«
( ) pl(S) l
0% (2)p :
.y PGB ®)
pm(s
K (s,p) = [ (s, ), (s,D))
2. Forj € J. write (I,m?, 17, k7) = 0. Moreover, define
: BL(2)ps(s)
R (s,p) = — —al.
(s,P) )
. 07 (2)p .
(s,p) = e(AZ)Pc(S) — o )
Dp\s
I (s,0) = L (K (s,9), & (5))
3. Forj € J. write ({717,107 ,77,&0) = 0. Moreover, define
B (K, 5, p,a) = g3 2 eP A0 DI = DvlS) g i ay = a9 (10)
e[rﬁ(p7 a(S), : )‘Z]
Then for each j € Jy, U J.. and each value function 7 : K7 x S — R given by t7 = 0 we get
E@,p.a)(s) = &(s.,p) forall (s,p) € S x P.
Moreover, for each j € J,, and each value function v9 : K7 x S — R written as
3 (K2, 8) = (vpr(s) + Pr(8))k? + 07 (s) for all (k,s) € K/ x S (11)

where 9 € V' is an arbitrary function, we get
E(7,p,a)(s) = & (s, p,a) forall (s,p,a) € S x P x A

Proof: See Raad et al. (2025). Observe that, since all objective functions are concave, solving
the first-order conditions is sufficient to characterize the global optimum. For further details, refer to
Theorem 6.1 in the appendix. We explicitly derive the solutions to the first-order conditions. a

4.4 Agents’ optimal choices

The agents’ demand are given by the following result. First consider the definition of Bellman equation.

15
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Proposition 4.2. Consider a transition vector € : S x I' x A B satisfying for each i € I and all

(s,7) € SxT by

eftc(7,a(s), - )|2]é (s, 7,a) = tr (Belfe(r,a(s), -)|z] — cj(s))@ﬁ.

Define the following transition functions & : E* x S xT' — C' fori € I and each (¢, s,
o o 0: ,
k(e s,7) =0 L, s,7)= = —af
( ) ( ) pé(s) 14
o 0: , o

I'e,s,7)= ———a; m'(e,s,7)=0

( ) PZ(S) l ( )
0! -
Ei(el, s, 7) =0 ¢, s,7)=—— —a
P(s) °

(€, 5,7) = fe(s, T)Gi + p(s)é"(z) — G(s)é' (s, T, a)
_pf( )EZ( ! ) ﬁl(s)[i(6i7377—) _ﬁc(s)éi(éﬂsﬂ—)

and write &' : B x S — X' by #' = (&, &).

Then for each value function v* € Vi fori € I written as
o' (e, s) = (4(s) + 7(s))el + 0'(s) forall s € S
where 9 € V' is an arbitrary function, we get
(@, s,7) € &0, 7,0)(s) for each (€, s,7) € E' x § x T,

Proof: See Raad et al. (2025).

(12)

7)€ E'x SxT

(13)

(14)

O

Remark 4.1. Market clearing conditions given in Definition 3.2 can be clarified by the Walras Law.
Indeed, suppose that #/(s) = >_.c; 79 (¢7(s),p(s)). Adding up the budget constrains given in (4) we

get!
P(s)(E(s) — €7(2)) + 4(s)(€" — €X) = 7"(s)

and hence by (1), (2), and (3) we get

0 = Pr(s) (k2" (s) = A" (5)) + Dels) (£ (5) + £ (s) — &/ (2))
+pi(s) (1" (s )+l”“*( ) = &'(2) + Pm(s) (0 (s) — €1,(2))
+ n(s)( ’( ) & (2)) + De(8)(" (s) = <5 7(s) — & (2))
+ Dr(s) (K" () — K7 (5) = yk") + () (€"(s) — ).
YRecall that £ = 1 € R/,
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4.5 Recursive equilibrium

In this section we will show the recursive relations relying equilibrium prices, based on previous sections

optimal choices.

Remark 4.2. Note that the optimal asset choices a = (l;, €), as given in (10) and (12), do not depend
on the previous portfolio a_ = (k_, e_). This implies that the variables outside equilibrium do not alter
the asset transition function. Thus, we can select the aggregate capital variable as the only relevant one
within the state space. We then choose any asset transition that maintains the same level of aggregate
capital and equities. This leads to the following definition.

Definition 4.3. Write & = (1,---,1)/i € RjJr and €. = [€');c;. Define the minimal state space as
Sm = Am X Z where
Am = (Ko K 1002 ) < b € KO),

The next assumption implies that the minimal state space can be identified”” as the set K=" x Z

with a typical element defined as s = (k/+*, z) € Ry x Z. Moreover, Sp, C S since K is convex.

Assumption 4.2. Suppose that agents face no disutility from labor in capital-producing sectors. Specif-
ically, assume that 6} = 0 for all i € I.

Remark 4.3. In this model, the aggregate capital transition plays the role of a sufficient statistic to char-
acterize the equilibrium, as it is specified exogenously. We shall therefore define both the aggregate
capital transition function and the complete asset transition mapping in order to construct the operator
whose fixed point characterizes the recursive equilibrium. More precisely, since Zi(ef, s,7) = 0 for all

(€,5,7) € E* x S x I"and all i € I then equilibrium prices must satisfy:

. 07" (2)pi(s)
e (z) = % (s,p) = L2000 k!
l( ) ( p) pl(S) l
R ; 0 (2)p(s)
ém(z) =m* (s,p) = "= ak’
= e =)
Therefore,
Pr(s) _ ¢ (z) + al]’“+ and Dr(s) _ el (z) + alk”
pi(s) 07 (2) Pm (s) Gk (2)
and hence
v g é1+(z) —+ O/k+ .
ZJ(S,ﬁ):Ql]( )lAJril_a;
6 ()
) N o (Z) + okt ]
m!(s,p) =0 (2) "——" —

K (s,p) = fl((s,p), I (s,p)).

2This space can be interpreted as the set of asset allocations that are equally distributed between firms and investors.
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This implies that &7 depends only on z for all j € .Jj,. Thus we have the following definition by writing

ki(z) = k¥ (a.,z,p) forall j € Jyand all z € Z.

Definition 4.4. Define kp, : Sm — K7+ by

m(s) = vk + k<" (2) forall s € S

and dpy, : Sm — Am
am(s) = ((1,--- ,1)/%m(s)/jﬁ,?_) foralls € S

Remark 4.4. Since all price transition functions are constant outside of Sy, these functions evaluated at

a(s) will yield the same value as when evaluated at ap(s) for any s € S. In fact, the function am/(s)

represents an egalitarian redistribution of assets between agents and firms in the subsequent period. We

now construct an operator whose fixed point will be the candidate for equilibrium. This operator will

also be constant outside of Sp,. This is the main reason why the space Sy, is minimal.

The recursive equilibrium existence is characterized by the following Theorem. First define I' =

P x @ and V defined over Sy,. Moreover, define R{n as the space of all continuous functions 7 : Sy, —

Rl

Definition 4.5. Define the following auxiliary functions

1. Profits #/ : P — IRY, defined for each j € J by

A (s,p),p)ifj € Jp U J.

7 (5,9, am), P) if j € J.

2. Capital stochastic discount factor d,; : Ry x I' X Sy, — R defined by

forall (y,7,5) € Ry xI' X Sy

3. Equities stochastic discount factor d : Ri x ' x Sy, — R, by

Oc(y, 7, 5) = B — (P, ¢, %(p), s)y forall (y, 7,5) € R x ' x S
4. Partial utility function®! @’ : I x Sy, — R_. defined by

ai(Tv S) = ﬁ(s)él(z) - (j(s)éi(s, T, d)

- ﬁ@(s)gi(a’ $, T) - ﬁl(s)lvi(év S, T) - ﬁC(S)éi(é’ S, T)

+ u;(@(a, s,7), 1€, 5,7),S (€, 5,7))

I The partial utility function does not include the numéraire component corresponding to the payoffs of equities.
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Definition 4.6. Define the operator & : ' — ]R7 X ]RJ as following. Let 7 = (p, q) € [ be an arbitrary

price transition. Write £ = (§p, §q) where?? for each s € Sp,

Epn(7)(5) = 0 (2)pe () (K2 + ) ™!
Epe(7)(s) = (07 (2)De(s) + 07) (€] () +af + o)™
E(F)(s) = 6" (2)pu(s) (&' (2) + o) ™!
£;jm(f)(8) = 0" (=)o () (€, (2) + o) ™! (15)
Epn(7)(s) =1
Epc(7)(5) = 07 (" (5,0) + €L (2) + af)
Epn(7)(s) = e[dn(k ()/9 Ty (), - )P (s am(s), - )|2]
E(7)(s) = e[0c (€4 /0 . 7, am(s), - )7e(P, 4 7(P), am(s), -)|2]

Definition 4.7. Given an arbitrary vector function 7 € I, define the operator of value functions &, :

V — V foreach s € S,, as
& (v)(s) =0forj € J, UJ.
EL(0)(s) = e[0x((204) 7 K7 (K2, 5,5, i), Gim(s), )P, dm(s), - )|2]
. l%j'(l?:i?s,p, m) — pr(s)k (K2, s, p, a) 6
+ B[t (am(s), - )|2] for j € Jy
EL(0)(s) = e[0c((20) € (s, 7, am), 7, dm(s), - )Pe(T, Am(s), - )|2]€ (5, T, dm)
+ (T, 8) 4+ Be[t'(am(s), - )|2] fori € T

The following definition constitutes the first step toward transforming the transition functions,

obtained as the fixed point of the operator ¢ and defined on Sy, into a recursive equilibrium defined on

S.

Definition 4.8. Consider 7 = (p, §,?) € I' x V. Define the aggregator function?® 3, : S — Sp, by
Sm(s) = ((kX", -+ k) [j €, 2) foralls € S
Define 7 = (p, G, 7,0) € T' x V by

B(s) = B6m(s)  @(s) = d(3m(s))  7(s) = 7(B)(5m(s)) forall s € S.

*’Recall that gp = (épm gpb épu éprm gpm gpm gpk)-
BWhich consists in a change of variable that leads to equally distribution.
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Q>
m
o)
oo
=
o
S
m
<
o
<

Deﬁnel%eﬁ,éef,

47 (
km(s), ém(s)) forall s € S

am(s) = (
o (K1, 8) = (Ypr(8) + Pu(s))k! 4 07 (5m(s)) forall (k!,s) € K7 x S
bl (€l 5) = (4(s) + 7(s))€l + 0 (4m(s)) forall (¢}, s) € E' x S

Moreover, define all remaining optimal choices on S analogously by

(&,&) = &4 (T, D, 4, 7, m) forall i € 1
& = &0, 5,4 7, im) forall j € J
o = &0, p,am) forall j € J
ot = €0, 7, am) forall i € T
The next proposition is crucial for understanding how the state space can be reduced, which in this

context will depend on the specific features of the model. Note that in cases where preferences are not

quasi-linear, this argument no longer holds, as prices will then depend on the distribution of assets.

Proposition 4.3. Suppose that & has a fixed point ¥ € T and that § : Sm x Y — Y is a transition
function where Y is the space of all continuous functions i : Sm — Y. Given§ € Y define j: S =Y
by §(s) = g(8m(s)) for all s € S. Consider an, given in Definition 4.8. Then

G(am(s),2") = g(am(8m(s)), ) forall (s,2') € S x Z.

Proof: See Raad et al. (2025). O
The operator £ is constructed to obtain the market clearing conditions at its fixed point. Indeed, by

the next proposition clarifies this claim.

Proposition 4.4. Suppose that & has a fixed point ¥ € T and that v is a fixed point of &=. Consider the
transition vector function (¢', €', ¢’) and v given by Definition 4.8. Then for each s € S

K(s) = kis(s) €(s)=ém(s) &(s)=e

(
¢"(s) = 6(c7(5)) + ok(c™(s)) + 65(c"(s)) + € (2)

Proof: See Raad et al. (2025). O

Proposition 4.5. Consider the operators & and &, as in Definition 4.6. Under regularity Assumptions we

can state that

1. E0)CcTand &, (V) CVforallT €T
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2. € and & for each fixed T € T are contractions and hence have a unique fixed point.

Proof: See Raad et al. (2025). O

AAAAA

recursive equilibrium.

Proof: See Raad et al. (2025). O

4.6 Example

In order to illustrate the structure and numerical implementation of a general recursive equilibrium with
heterogeneous agents, we consider a calibrated example that specifies the key parameter values and func-
tional forms governing the economy. The model features heterogeneous firms indexed by technological
types and sectoral roles, operating under uncertain productivity that vary across states of nature. Prefer-
ences and technology parameters are disaggregated into aggregate and agent-specific components, with
scaling adjustments to capture firm-level heterogeneity in factor intensities and productivity. The en-
dowment processes and production coefficients are specified as functions of exogenous state variables,
allowing for the computation of stationary allocations and price mappings across states. The set of param-
eters below characterizes one such numerical instance used in the computation of a recursive competitive
equilibrium. The sequential equilibrium is implemented by recursive equilibrium as in Raad and Wozny
(2019). In what follows, we present the values used in this example, followed by graphical representa-
tions of key functions and equilibrium objects derived from them

First, we consider the characterization of exogenous uncertainty and main parameters.

Z:{07172}7 7:1/2a 521/27
Jo =200, jo=200, j,=500, j=jj+i+is

The exogenous shocks are represented by the function sh, which captures independent and identically
distributed (i.i.d.) equiprobable events over the finite state space Z = 0,1,2. The amplitude of these
shocks is governed by the parameter ¢ = 0.1, which specifies their relative magnitude. Each state z € Z
corresponds to a sector-specific positive shock of 10%: z = 0 is associated with the capital rental sector,
z = 1 with the capital production sector, and z = 2 with the consumption goods sector. In each state, the
positively affected sector experiences a +10% deviation, while the remaining two sectors experience a
symmetric —10% deviation. This construction guarantees that the aggregate effect of shocks is neutral,

thereby ensuring market completeness across states.
State probabilities and shocks:
sho(2) = (14+0)(1 = 2)(2-2)/2+ (1 = ¢)2(2 - 2) + (1 - 9)(z — 1)z/2,

shi(2) = (1 =0)(1 = 2)(2-2)/2+ (1+¢)2(2 - 2) + (1 = ¢)(z — 1)z/2,
sho(2) = (1 =¢)(1 = 2)(2-2)/2+ (1 = ¢)2(2 - 2) + (1 + ¢)(z — 1)z/2
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Endowment scaling parameters:

1. Aggregate endowments

2. Aggregate parameters

3. Agent-specific parameters

eg (2) = 2shy(2),
eI;n(Z) = 2Sh1(z)7
e‘g(z) = 2shy(2),
el (z) = 2shy(z)
92’“(2’) = shy(2),
O’ (2) = shi(2),
0" (2) = sha(2),
0,7 (2) = shy(z),
6’ = 2000,
I+
¢ — Y
65 = 200,
6 = 1000,
6" = 10000
. 9Jk+
bl = 2,
Jk
. e+
i, (2) = 252,
Ik
Jo+
() = 2 ),
Js
. 9J§+
o) = 25
Jg
gix = O
Jk
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4. Scale aggregate parameters

scale = 2
Tt
o = scale,
Jpt+
ok = scale,
Jc+
oy = scale,
oy = scale,
al =10,
ay =0,
ay =10
5. Firm-specific scale parameters
Ji+
Y
J ¢
oy = —,
Jk
Ji+
of = Im
m - )
Jk
j_ R
o) = —,
J
Jot+
; (6%
of =
J

The figure below presents the recursive capital transition function, which maps the current aggre-
gate capital and the exogenous shock realization into next period’s aggregate capital. This function is
central to understanding the endogenous dynamics of capital accumulation in the model. It encapsulates
the equilibrium responses of heterogeneous agents to current prices and states, aggregating individual de-
cisions into a law of motion for the aggregate capital stock. The graph reveals the presence of two fixed
points—values of capital for which the economy remains stationary under a given shock—which demar-
cate distinct dynamic regimes. One corresponds to a low-capital steady state, while the other reflects a
high-capital equilibrium path. These fixed points help characterize the cyclical nature of transitions, as
the economy endogenously fluctuates within their basin of attraction, even in the absence of frictions or
policy shocks.

The first three panels below illustrate the cyclical behavior of efficient aggregate capital allocations
arising from endogenous trade flows among heterogeneous agents. These capital cycles are not imposed
externally but emerge naturally from the decentralized equilibrium. Each agent’s response aggregate ex-
ogenous shocks, combined with sectoral specialization and financial incentives, gives rise to aggregate
fluctuations in the supply and use of capital across production and rental activities. The observed cycles
are persistent and reflect a purely market-driven adjustment mechanism in which the economy reallo-
cates capital resources dynamically in response to underlying productivity and preference shocks. This

highlights the internal propagation capacity of the model and underscores the role of heterogeneity in
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Figure 1: Recursive capital transition function with shock-dependent dynamics and fixed points.

generating smooth yet nontrivial endogenous capital flows over time.
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(a) Scenario 1 (b) Scenario 2 (c) Scenario 3

Figure 2: Cyclic behavior of aggregate capital across three 1.1.d simulations.

Complementing this analysis, the fourth figure presents the equilibrium path of capital prices,
which exhibit their own cyclical dynamics. These prices act as counter-cyclical market forces: when
aggregate capital supply expands due to favorable conditions in one sector, prices adjust downward to
incentivize reallocation toward other uses, and vice versa. Such price responses provide an essential
balancing mechanism between the demand and supply of capital across rental and productive applications.
This endogenous price adjustment process reinforces market completeness and ensures that the allocation

of capital remains efficient despite the presence of shocks and agent heterogeneity.

5 Conclusion

This paper shows that persistent real business cycles can emerge endogenously from decentralized trade
flows among heterogeneous agents in an economy with complete markets and no frictions. In contrast
to the dominant view in the business cycle literature, which relies on market imperfections to justify
aggregate fluctuations, our model demonstrates that cyclical dynamics are not only consistent with full
efficiency, but are in fact a natural consequence of decentralized coordination. When all markets clear
and agents act optimally under complete information, intertemporal and cross-sectional reallocations of

capital and consumption can still generate nontrivial aggregate dynamics.
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Figure 3: Cyclic behavior of capital prices as an endogenous adjustment force.

The core mechanism relies on a recursive general equilibrium framework with a minimal state
space and globally heterogeneous agents. Heterogeneity is essential: it induces variation in marginal
propensities to trade, respond to shocks, and value future claims, thereby giving rise to endogenous capital
flows and relative price movements. These price adjustments, in turn, feed back into aggregate allocations
in a way that reinforces recurrent cycles. In contrast, standard Markovian models with representative or
homogeneous agents typically converge to a stationary distribution or steady state, suppressing persistent
cyclical behavior.

Our approach highlights that business cycles need not reflect inefficiencies or coordination fail-
ures. Instead, they can arise in equilibrium as optimal responses to dispersed incentives and the intrinsic
structure of trade in complete markets. The model preserves full Pareto efficiency, and yet generates
cycles through endogenous mechanisms alone. This has profound implications for policy: conventional
stabilization tools—whether countercyclical or procyclical—may be not only ineffective, but welfare-
reducing, as they interfere with efficient allocation paths and create unnecessary fiscal burdens. These
findings call for a reassessment of the role of macroeconomic policy in environments where market com-

pleteness and agent heterogeneity are first-order features.
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6 Appendix
Auxiliary Results
We exhibit a version of the Kunh-Tucker Theorem for the sake of completeness.

Theorem 6.1. Leth : X C R" — Rand g : X C R" — R be concave differentiable column-valued
functions, where X is an open subset of R". Suppose that T € X satisfies** the system below for some

row vector A € R}
O,h(z) + No,g(z) =0force {1,---,n} ¢g(x) >0 Ag(z)=0

Then T satisfies
max{h(x) for all x € X such that g(z) > 0}.

Proof: Since f and g are concave and the derivative of the concave Lagrangian ¢ : X C R" — R
defined by
l(x) = h(xz) + Ag(x) forall z € R"

vanishes at 7, it follows that T satisfies for A € R
max {h(m) + Ag(z) forallz € X C Rn}.

Now, let z € X C R" be arbitrary such that g(z) > 0. We will show that h(x) < h(Z). Indeed,
h(z) < h(z) + Ag(z) < h(Z) + Ag(Z) = h(Z).
O

Lemma 6.1. Consider Y, C Rforn <nandY = Hn<n Y, Letly, : Y, xS = R be afunction concave
twice-differentiable on its first coordinate for n < n. beﬁnel Y xS =2 Rboyl(y) =< ln(yn)
Suppose that  : S — Y satisfies D1l({(s),s) = 0 forall s € S. Consider (y,y) € R, ><7R3__|r and
g* S =Y defined by

7" (s) = min{max{y(s),y},y} forall s € S.

then for each s € S
7" (s) € argmax{l(y, s) such thaty € Y and y <y < y}.
Proof: Fix s € S. Consider

n"={n<n: g, <gu(s) <Gn}
n={n<n:g,(s) <gptandn={n <n:g,(s) > yn}

*Write 9, h(x) for the partial derivative of f with respect to the ¢-th variable at point z.
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Then g} (s) = g > 4,(s) forn € nand g} (s) = y,, <
for each n < n implies? that for eachy € Y with y < y < ¢:

Uy, s) = 15" (s),8) < D Diln(G1(5), ) (Y — 9 (5))

= 32 D(5):5) (0 = 355
i n; Dyl (i (s), 8) (g, — 55(5))
_ nz Dyl (G(),8) (G (8) — y,)
< Z D1, (n(s). $) (4, — 55(5))
. Z Dyl (da(s). ) (35 (5) — v,
_ gplzn@n(s» ) (0 — 55(5))

and hence [(y, s) < I(§*(s), s). Since y was chosen arbitrarily, we get the result.

2By the Mean Value Theorem.
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